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Abstract. Given a newform /, we extend Howard's results on the variation of Heegner points 
in the Hida family of / to a general quaternionic setting. More precisely, we build big Heegner 
points and big Heegner classes in terms of compatible families of Heegner points on towers of 
Shimura curves. The novelty of our approach, which systematically exploits the theory of optimal 
embeddings, consists in treating both the case of definite quaternion algebras and the case of 
indefinite quaternion algebras in a uniform way. We prove results on the size of extended Selmer 
groups d la Nekovaf attached to suitable big Galois representations and we formulate two- variable 
Iwasawa main conjectures both in the definite case and in the indefinite case. Moreover, in the 
definite case we propose conjectures on the vanishing at the critical points of (twists of) the 
L-functions of the modular forms in the Hida family of / living on the same branch as /. 
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Introduction 

The purpose of this work is to extend Howard's results on the variation of Heegner points in 
Hida families of modular forms (p?]) to a general quaternionic setting. In fact, while analogues 
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of the constructions by Howard of systems of big Heegner points on towers of classical modular 
curves have been proposed by Fouquet ([H], [E]) for Shimura curves attached to indefinite 
quaternion algebras over totally real number fields, to the best of our knowledge the case where 
modular curves need to be replaced by Shimura curves coming from definite quaternion algebras 
has never been investigated. However, the philosophy behind the so-called "parity conjectures" 
suggests that the definite and indefinite cases are equally significant from an arithmetic point 
of view, so in our opinion it would be desirable to have both sides of the quaternionic setting 
well understood and developped. With this goal in mind, in this article we offer a systematic 
construction of big Heegner points and classes attached to Hida families in both the definite 
case and the indefinite case, and study the arithmetic of the relevant extended Selmer groups 
as defined by Nekovaf. We remark that we exclusively work with quaternion algebras over Q, 
but we expect that our constructions could be extended to the more general situation in which 
Q is replaced by a totally real number field (see [H] and [12] for results in this direction in the 
indefinite case). Now let us describe the subject of the paper more in detail. 
Fix an integer A^, a prime p f 6A^ and an ordinary p-stabilized newform 

oo 

/((?) = ^a„(?"G5fc(ro(iVp),u;^) 

n=l 

where uj is the Teichmiiller character and j = k mod 2. Let F be a finite extension of Qp 
containing all the eigenvalues of the Hecke operators acting on / and let Op denote its ring of 
integers. Assume also that the residual representation attached to / is absolutely irreducible. 
Fix an imaginary quadratic field K of discriminant prime to Np and consider the factorization 
= N'^N^ induced by K: a prime number i divides (respectively, N~) if and only if i splits 
(respectively, is inert) in K. Assume throughout that N~ is square-free and say that we are in the 
definite (respectively, indefinite) case if the number of primes dividing is odd (respectively, 
even). In this introduction, for simplicity suppose that p does not divide the class number of K. 

Hida's theory ([17], [18]) incorporates the modular form / and the p-adic Galois representation 
Pf : Gq := Gal(Q/Q) GL2{F) attached to / by Deligne into an analytic family of modular 
forms and Galois representations. More precisely, Hida defines the universal ordinary Hecke 
algebra i)oo by taking the inverse limit over m of the (classical) Hecke algebras i)m over Op acting 
on weight 2 cusp forms with coefficients in Op of level ri(A'^p'") and then projecting to the 
ordinary part. Out of fjoo one then constructs a local domain TZ, finite and flat over the Iwasawa 
algebra A := OfP + p'^pl, such that certain prime ideals p of 7^ (called arithmetic) correspond 
to modular forms fp of suitable weight kp, level Ti{Np'^'') and character ipp with coefficients in 
the residue field -Fp of the localization of 7^ at p; moreover, fp = f for a certain arithmetic prime 
p of weight k. Finally, taking inverse limits over m of the p-adic Tate modules of the Jacobian 
varieties of the modular curves Xi{Np'^) one can introduce a GQ-representation T which is free 
of rank two over TZ and has the property that Vp := T f^-ji Fp is a twist of the representation 
V{fp) associated with fp. 

Big Selmer groups. In recent years, the systematic study of certain Selmer groups attached to 
the GQ-representation T has been pursued, among others, by Nekovaf and Plater ([35]), Nekovaf 
(|36j). Ochiai (t39j), Howard ([24J) and Delbourgo ([8j). More precisely, the GQ-representation 
T admits a twist which has a perfect alternating pairing x T^^ — > Ti{l), and for every 
arithmetic prime p of 7^ the representation Vp := T''" Fp is a self-dual twist of V{fp). Then, 
using Nekovaf 's theory of Selmer complexes ([36]), for any number field L one can define extended 
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Selmer groups i7|(L,T^) and Hj(^L,Vp) , whose arithmetic is the main theme of the present 
paper. 

Now we briefly sketch the work of Howard which was the original inspiration for our article. 
In order to study the arithmetic of Nekovaf 's Selmer groups, when all primes l\N split in K (i.e., 
when = 1) Howard introduced in [24\ canonical cohomology classes 

which he calls "big Heegner points", where c > 1 is an integer prime to N and He is the ring 
class field of K of conductor N. These classes are constructed by taking an inverse limit of 
cohomology classes arising from Heegner points in the Jacobians of classical modular curves via 
Kummer maps, and satisfy suitable Euler system relations in the sense of Kolyvagin: see |241 
§§2.2-2.4]. In particular, denoting by Kn the n-th layer of the anticyclotomic Zp-extension K^o 
of K, the Euler system compatibilities enjoyed by the classes Xc make it possible to introduce 
cohomology classes 

3n := CorH^„+,/i^„ {U-^'Xn+i) G H} T^) forn > 1, 
3oo :=lim3n G H}^j„{K^,T^) . 

n 

Here Hj^^^Koo, T'l") := limHj(^Kn, T^) is a module over the Iwasawa algebra T^oo of the profinite 
Galois group Goo := Gal{Koo/ K) with coefficients in TZ, as described in [24l §3.3]. 

These classes are used to obtain various results on the arithmetic of the above-mentioned 
Selmer groups; in particular, a vertical nonvanishing theorem (generalizing results of Cornut and 
Vatsal in [6]) is proved in [24. §3.1 and §3.2], while an horizontal nonvanishing theorem is obtained 
in [24:\ §3.4]. Moreover, in [24:\ Conjecture 3.3.1] Howard proposes a two- variable Iwasawa main 
conjecture for Hj^^(^K^,T^^ which extends the Heegner point main conjecture formulated by 
Perrin-Riou in j41j . 

In this paper we are interested in results and conjectures of the type described above in the 
more general case where one allows for the existence of primes dividing N which are inert in K. 
In other words, the integer is not necessarily equal to 1. In the indefinite case (i.e., when 
the number of primes dividing N~ is even) our constructions and results should be compared 
with those obtained by Fouquet in [11] and [12] for Shimura curves over totally real fields; on 
the contrary, as far as we know the definite case (corresponding to an odd number of primes 
dividing N~) is considered here for the first time and represents the most significant novelty in 
our approach. In the rest of the introduction we give a brief description of the paper, referring 
to the main body of the text for all details. 

Families of optimal embeddings on Shimura curves. Let B denote the quaternion algebra 
over Q of discriminant (thus B is split at the archimedean place oo of Q in the indefinite case 
and is ramified at oo in the definite case) and for every integer m > choose an Eichler order 
of B of level N~^p"^ such that Rm C Rm-i for all m > 1. If the hat denotes adelizations, one then 
defines open compact subgroups Um C R^ by imposing an extra ri(p'")-level structure on Rm 
and considers the Shimura curves Xm associated with Um (precise definitions in terms of double 
cosets are given in ^1.11 and ^1.2p . In the definite case these are disjoint unions of genus zero 
curves defined over Q, while in the indefinite case they are compact Riemann surfaces admitting 
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canonical models over Q. For any integer c > 1 prime to and the discriminant of K we define 
the Heegner points of conductor c on Xm as those pairs [(5, /)] in the subset 

(1) := ;7„\(^^ X Yiom{K,B))/B'' C X™(C) 

such that / is an optimal embedding of the order O^, of K of conductor c into the Eichler order 
B n {g'^Rmg) of B (of course, a priori this set of special points might be empty). In §2.31 we 
prove that in the indefinite case these Heegner points are rational over Hc{^lp■m)^ where He is the 

ring class field of K of conductor c and /i^m is the group of p™-th roots of unity. If a G i^^ and 
f : — > i?^ is the adelization of /, in both the definite and the indefinite cases the map 

(2) [{g,f)]^[{gf{a)j)] 

induces a (free) action of Gal{H(.{tipni) / K) on the set of Heegner points of conductor c. Fur- 
thermore, the group Div(Xm) of divisors on Xm is endowed with an action of the usual Hecke 
operators Ti for primes i \ Np^ and Ui for primes i\Np^ and of diamond operators {£) for 
£ G (Z/p™Z)^. In Section[3]we provide an explicit construction of suitably compatible families of 
Heegner points on our tower of Shimura curves. More precisely, the main result of Part[Tl which 
is Theorem 13.181 in the text, can be stated as follows. 

Theorem A. For every integer m >0 and every integer c > 1 prime to N and the discriminant 
of K there is a Heegner point Pc,m G X^n^ of conductor cp"^, rational ) in the 

indefinite case, such that the following conditions are satisfied. 

(1) Vertical compatibility. The image of Pc^m G under the covering Xm Xn is a 
Heegner point of conductor cp^ on Xn for all n G {0, . . . ,m}. Furthermore, the divisor 
Up[Pc,m-i) equals the image under the map Xm — > Xm-i of the trace from Hcp^ip^pm) 

to H^pm,-l[flpm) of Pc^m- 

(2) Horizontal Compatibility. If m > 1 and n > 1 are fixed integers then the divisor 
Up{Pcp"~^,m) ^-^ equal to the trace from H^pm+n{fipm+n) to H^pm+-n-i{iipm+i) of Pep" ^m- 
Similar relations are valid for the Hecke operator Ti with i \ cNp. 

(3) Galois Compatibility. Set p* := (— 1)^^^^)/^^, let Ccyc ■ Gq — > Zp be the p-adic cyclotomic 
character and let 'd : Gal(Q/Q{^/p*)) — > Zp/{±1} be the unique continuous homomor- 
phism such that coincides with the restriction o/ecyc- Then P^m — (^(o'))-Pc,m for all 
a G Gal(Q/Q(Vp^)) in Div(X„). 

The existence of compatible sequences of CM points as in Theorem A was shown by Howard in 
|24j when the Xm are classical modular curves and by Fouquet in [JTj for Shimura curves attached 
to indefinite quaternion algebras over totally real fields F having exactly one split archimedean 
place (thus, finite unions of compact Riemann surfaces if F 7^ Q). In [2lj these points are built 
using the interpretation of modular curves as moduli spaces for elliptic curves with suitable level 
structures, while in [11] one fixes an embedding i/j : K ^ B, takes the fixed point z for the 
action of iIj{K^ ) on the complex upper half plane via fractional linear transformations and finally 
considers sequences of points of the form {z,bm) on Shimura curves which are analogues of our 
indefinite curves Xm- 

As remarked before, in this paper our families of CM points are introduced via a systematic 
use of the theory of optimal embeddings as described in [H] and [1] , and this approach (although 
technically more intricate than those of Howard and Fouquet) has at least two advantages: 
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• it offers a uniform setting for dealing with both the definite case and the indefinite case, 
as in [l]; 

• in the indefinite case it gives us a fine control on the fields of rationality of our Heegner 
points, as provided in the classical context of p4j by the modular point of view. 

The first point is worth emphasizing, since treating the definite and the indefinite cases on an 
equal footing was in fact the central motivation behind our work. The importance of dealing with 
the definite case as well when studying the representation associated with a Hida family stems 
from the fact that, conjecturally, the indefinite case should take care of situations in which the 
rank of the Selmer group is odd (typically, one), while the definite case should describe even rank 
(typically, rank zero) settings. Observe, moreover, that the definite case cannot be treated by 
means of the tools developped in [23], [11] and [12] . 

In Part [2] of the paper we use these families to construct big Heegner points and classes that 
are the counterparts of those defined in [23] , and finally in Part [3] we prove results and formulate 
conjectures which generalize those obtained in loc. cit. by Howard. In the rest of the introduction 
we focus our attention on the main results obtained in our work. For clarity of exposition, it will 
be convenient to treat the definite case and the indefinite case separately. 

The definite case. This represents the newest contribution of the paper and corresponds to 
Sections [8] and [9l In this case, we consider the Hecke modules 

(3) Jm ■■= OF[Um\B''/B''] ~ Pic(X„) ®z Op 

and define the inverse limit Jqo := lim Jm with respect to the canonical projection maps. By the 
Jacquet-Langlands correspondence, this Oi^-module is endowed with an action of the A^~-new 
quotient Too of the universal ordinary Hecke algebra i)^. One can then consider the ordinary 
part J^*^ of Joo and introduce the finitely generated 7?.-module J := J^'^^j^ Ti- Under a suitable 
hypothesis (Assumption 18. 2p , we prove that J is free of rank one over IZ and fix an isomorphism 

(4) J ~ 7^. 

The compatible sequence of Heegner points on the tower of definite Shimura curves whose ex- 
istence is guaranteed by Theorem A can be combined with the isomorphisms ([3]) to produce 
canonical elements in J. By the isomorphism Q one then obtains an element J-ji G IZ defined in 
terms of the 7^-component of a suitable big Heegner point. Theorem 18.61 can be stated as follows. 

Theorem B. Assume that J-ji ^ and that Conjecture \8. 51 is true. Then Hj(^K,T^^ is a torsion 
IZ-module. 

We expect that Conjecture 18.51 for the statement of which we refer to the text, can be proved 
(at least for arithmetic primes of IZ of weight two) by suitably extending the arguments of [3] 
and [28] to the case of forms with non-trivial character. 

Now set Gn '■= Gal{Kn/K) for all integers n > 1. Essentially by corestricting to the finite 
layers of K^o, one also gets elements 

Jn,-R e n 

for all a £ Gn and all n > 1. The compatibility properties of these points allow us to define 
On ■■= a-'' ^n,n ® ^"^ e lZ[Gnl 0^ := lim On e 7^oo 

where Up £ TZ^ is the image of the Hecke operator Up under the natural map — > TZ. As 
explained in §8.31 one introduces an T^-oo-module -f/j j^(i^oo5 A''") where A''" := Hom(Tt, /ipcx)) . 
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Finally, write x x* for the involution of TZoo given hy a ^ on group- like elements. The 
following statement (which is Conjecture IS-lOh must be seen as a main conjecture of Iwasawa 
theory in the definite setting. 

Conjecture C. Assume that the local ring TZ is regular. The group Hj^^i^K^o, ■^^) is a finitely 
generated torsion module over IZoo and there is an equality 

• O = CharT^^ (5},i„(i^oo, At)^) 

of ideals of TZoo ■ 

Here the symbol ^ denotes the Pontryagin dual and the product Ooo ' is interpreted as a 
p-adic L-function. Note that these definitions are reminiscent of the constructions performed by 
Bertolini and Darmon in, e.g., [1] and [3|. 

Along a different line of investigation, in the definite case we also propose conjectures on 
the vanishing of the special values of twists of the (classical) L-functions over K of modular 
forms living on the same Hida branch of /. Namely, fix an integer c > 1 as before and a 
character x : Gc ^ Op where Gc '■= Gal{Hc/ K), then extend x to an 7?.-linear homomorphism 
X : ^^[Gc] — ^ T^- In §8.21 we define a theta element I'c,7^ G '^[G'c] coming from the 7^-component 
of our big Heegner point at level c. We restate here Conjecture 19.11 

Conjecture D. Let p be an arithmetic prime oflZ of weight kp > 2 and let x be as above. The 
special value L^ifp^X^ is non-zero if and only if x{'^c,n) ^ ^ does not belong to p. 

Analogously, Conjecture 19.21 deals with the vanishing of the special values of twists by finite 
order characters of the p-profinite Galois group Goo • 



The indefinite case. This is the direct generalization of the classical modular curves setting 
originally studied by Howard in [Mj, and has also been considered in [11] and [12] by Fouquet 
(who works in the broader context of Shimura curves attached to indefinite quaternion algebras 
over totally real fields). In particular, the reader is suggested to compare our approach and results 
to Fouquet's. We deal with the indefinite case in Section [TOl 

By taking the inverse limit of the p-adic Tate modules of the Jacobian varieties of as in 
[Is] , we construct a GQ-representation Tsh which, as a consequence of results in [TT], is free of 
rank two over TZ and locally behaves like T at unramified primes. In particular, we prove that 

J- — J-Sh, — -^Sh 

as GQ-modules. Following |24j . the compatible sequence of Heegner points of Theorem A can 
then be used to define cohomology classes Kc,n G H^[Hc,T^). In this general quaternionic 
setting, the problem of showing that these classes belong to Nekovaf's Selmer group presents 
extra complications. More precisely, due to the presence of primes dividing which are inert in 
K and so split completely in Hc/K for all c (prime to N), we are only able to show that A • Kc,n & 
Hj{Hc,T^) for any choice of A G 7^ in the annihilator of the 7^-module UeiN- H^i^i^T^^)- We 
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fix once and for all a non-zero A in this annihilator and define, in analogy with [24j . the classes 

3n,7^ := Corn {U-''Xn+i,n) e Hj [Kn, Tt) forn > 1, 

3oo,7^ := lim3r^,7^ G ^),i^(K„,Tt). 

n 

The following two results generalize theorems of Howard. 

Theorem E. Let p he a non- exceptional arithmetic prime of IZ with trivial character and even 
weight. If 5o,n has non-trivial image in Hj {K, V^) then dimp^ Hj {K, V^) = 1. 

This is Theorem 110.81 in the text. 

Theorem F. If ^0,11 is not TZ-torsion then T^) is an TZ-module of rank one. 

We prove this statement in Theorem 110.101 and we expect the condition on the class 3o,7?, to 
be always true. 

We conclude with a main conjecture of Iwasawa theory (Conjecture 110.14]) that can be viewed 
as the counterpart of Conjecture C in the indefinite setting. 

Conjecture G. Suppose that TZ is a regular local ring and that Kpmji G /f|(i7pm,T^) for all 
m > 0. The square of the characteristic ideal of the Tlc<y-module Hj^^^KocT"^) / {3oo,Tz) is equal 
to the characteristic ideal of the TZoo-torsion submodule of Hj ^^(^K^o, A.^)"^ ■ 

Conjecture G extends both the conjecture proposed by Howard in [24l Conjecture 3.3.1] and 
the classical Heegner point main conjecture for elliptic curves formulated by Perrin-Riou in [41j . 
We remark that when = 1 one divisibility in the statement of the above conjecture was 
proved by Fouquet in [12l Theorem A]. 

Part 1. Construction of compatible families of Heegner points 

This part of our work is devoted to the construction of suitably compatible families of Heegner 
points on a certain tower of Shimura curves over Q. The fact that we can deal with both definite 
quaternion algebras and indefinite quaternion algebras in a uniform way is the peculiarity of 
our approach, which is based on the description of CM points in terms of optimal embeddings 
of quadratic orders of imaginary quadratic fields into Eichler orders of the relevant quaternion 
algebras. In particular, the interpretation of (indefinite) Shimura curves as moduli spaces of 
abelian surfaces with quaternionic multiplication plays no role in our arguments. The families 
of Heegner points built here will allow us to define in Part [2] big Heegner points and classes d la 
Howard in our definite/indefinite setting. 

1. Towers of Shimura curves 

As a piece of notation, for any ring A denote by ^ := ^ ®z Yie'^i profinite completion, 
where the product is over all prime numbers i, hy := A^Z^ its £-adic completion at a prime 
number i and by A^o := ^ M its archimedean completion. An element x G ^ is denoted by 
{xe)e. 
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Let N be a positive square free integer and N'^ a positive integer prime to N . Define 

N := N^N- 

and let p \ N be an odd prime number. Denote by B the (unique, up to isomorphism) quaternion 
algebra over Q of discriminant N~ . If the number of primes dividing N~ is odd (respectively, 
even) then B is definite (respectively, indefinite), that is, B (JDq M is isomorphic to the Hamilton 
skew field (respectively, to the matrix algebra M2(M)). For every integer m > 0, let Rm C B 
be an Eichler order of level N~^p"^ such that Rj+i C Rj for all j > 0. Fix an isomorphism 
4>p: Bp^ M2(Qp) such that 

(Ap(i?™ » Zp) = I G M2(Zp) I c = (modp"^)| 

for all integers m > 0. Finally, for all m > let Um C R^ be the subgroup of elements (x^)^ 
satisfying 4>p{xp) = ( J ^) (mod p^) for some b Zp and some d ^Ijp . 

Convention. In order not to burden the notation, in the rest of the paper we will sometimes 
identify Bp with M2(Qp) via the isomorphism (pp - we will do so according to convenience, 
without explicit warning. Thus the reader should always bear in mind that when we write "the 
adele b ^ B has p-component bp equal to ("5) G M2(Qp)" we really mean that bp is equal to 

1.1. Definite Shimura curves. Let B be definite. Denote by P = Pjy- the curve of genus 
defined over Q by setting 

P(^) ■.= {x e B0qA\ Norm(x) = Trace(x) = 0} 

for any Q-algebra A, where Norm and Trace are the reduced norm and trace of B Oq A. The 
group B^ acts on P by conjugation and this action is algebraic and defined over Q. Note that 
P(C) is canonically identified with IIom(Q(C, -Boo); where HomQ denotes homomorphisms of Q- 
algebras. More generally, ¥{K) is identified with }iomQ{K,B) for any imaginary quadratic field 
K. Define the definite Shimura curve of level Rm (respectively, Um) cind discriminant N~ to be 
the double coset spaces 

Xm := KMB"" X P)/5^ Xm := UmMB"" X F)/B'< 

where R^ and Um act by left multiplication on B^ and trivially on P, while B^ acts by conju- 
gation on P and by right multiplication on B^ . 
If K is an imaginary quadratic field write 

X(f) := R-\{B- X nK))/B\ X(f) := Um\{B- x P(K))/i?^ 

As remarked in [14. p. 131], Xm^ = XmiK) and xj^^ = Xm{K). However, in the following 
we use the above symbols in order to keep our notation uniform with the one adopted in the 
indefinite case (see below), where the points in X^I^ or X^^ are in general rational only over 
(abelian) extensions of K. 

By strong approximation, choose representatives gi, . . . ,gh{m) and gi, . ■ ■ jg^m) °^ double 

cosets Rm\B^ / B^ and Um\B^ / B^ , respectively. Define the arithmetic groups 

rtn := g^'Rm9^ n ^ fi:= gj'Umgj n B >^ 
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with i G {1, . . . , h{m)} and j G {1, . . . , /i(m)}. Then and can be expressed as disjoint 
unions 

h{m) h{m) 

= n p/rj„, = n ip/f^ 

of curves of genus 0. 

1.2. Indefinite Shimura curves. Let B be indefinite. In this case, for all m > 0, both 
R^\B^ / and Um\B^ / B^ consist of a single class. Fix an isomorphism '■ -Boo — M2(M); 
then (poo{Rm) is a discrete subgroup of GL2(M). Denote by the subgroup of (j)Qo{Rm) consist- 
ing of matrices with determinant 1 and let F^^ be the analogous subgroup of ^oo(t^m ri B). Define 
the Riemann surfaces 

where 7i is the complex upper half plane and the groups F^ and F^ act on Ti by Mobius 
(i.e., fractional linear) transformations. Let Xm(C) (respectively, X'^(C)) denote the Baily-Borel 
compactification of ^^(C) (respectively, Ym{C)). li B ^ M2(Q) then Xm{C) = YmiC) and 
^m(C) = Ym{C). The Riemann surface ^^(C) (respectively, Xm{C)) has a model over Q which 
will be denoted by Xm (respectively, Xm) and referred to as the indefinite Shimura curve of level 
Rm (respectively, Um) and discriminant N~. Setting P := C — M for the union of the complex 
upper and lower half planes yields 

y„(C) = KMB"" X P)/5^ Y^{C) = UmMB"" X P)/BX 

where, as above, R^ and Um act by left multiplication on B^ and trivially on P, while B^ acts 
by Mobius transformations via <f>oo on P and by right multiplication on i? ^ . Observe that there 
is a S^-cquivariant identification P = HomQ(C,i?oo) (here B^ acts on the homomorphisms by 
conjugation), so Y^iC) and Ym,{C) can also be described as 

y„(C) = i?^\(5^ X HomQ(C,5oo))/B^ 

and 

Ym{C) = Um\{B'' X HomQ(C,Soo))/S\ 

Finally, for any imaginary quadratic field K there are injections 

xCf) := R^\{B^ X RomQ{K,B))/B^ ^ X„(C), 

■■= UmMB"" X HomQ(i^,5))/SX ^ Xrn(C) 

induced by the map HomQ)(i^, B) HomQ)(C, i?oo) which is obtained by extending scalars from 

(K) ~(K) ~ ~ ~ 

Q to P. Actually, the subsets Xm, and Xm are contained in X^(Q) and X^(Q), respectively, 
where Q is the algebraic closure of Q in C. 

As a piece of notation, both in the definite case and in the indefinite case write Div(X^) and 
Div{Xm) for the groups of divisors on Xm and on Xm, respectively. 
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1.3. The tower of curves. The inclusions Rm+i C Rm, Um+i C Um and Um C Rm for m > 
yield a commutative diagram of curves 

■ ■ ■ ^ Xm ^ X., 



«m+l 



m ^m— 1 



in which all maps are finite coverings that are defined over Q. 

1.4. The Hecke operator Up. The action of the Hecke operator Up on Div(Xm) and Div(Xm) 
can be described as follows. For all a G {0, ... ,p — 1} denote vTa the idele whose p-component is 
equal to (o p) ai^d whose components at all other places are equal to 1. Then 

Rm^oRm = U -^m^a, UmTToUm = UmTTa- 

a=0 a=0 

Analogously to the classical, non-adelic situation (see, e.g., [Ml Ch. 3]), the operator Up on 
Div(Xm) and Div{Xm) can be defined as 

p-i 

Upi[{9,f)]) ■.= Y.[inag,f)]. 

a=l 

Let Tp denote the Bruhat-Tits tree of GL2(Qp). The vertices of this tree correspond to the 
maximal orders of M2(Qp) and two vertices are connected by an edge if and only if the intersection 
of the corresponding orders is an Eichler order of level p in M2 (Qp) ■ In general, the distance of two 
vertices is m if and only if the intersection of the corresponding orders is an Eichler order of level 
p"^. Since every Eichler order of level is determined in a unique way by the intersection of two 
maximal orders corresponding to vertices vq and Vm at distance m, an Eichler order of level 
can be represented by exactly two paths p = {vq, fi, . . . , Vm) and p := {vm, Vm-i, ■ ■ ■ ,vo). Write 
Vp{m) for the set of paths of Tp of length m with no backtracking. For every p = {vq,vi, . . . , Vm) 
in Vp{m) and all i G {0, . . . ,m} set Vi{p) := Vi and define s{p) := vq{p) to be the source of p 
and t{p) := Vm{p) to be the target of p. Since we are moving along a tree, a path p is uniquely 
determined by its source and its target. Observe that s{p) = t{p) and t{p) = s{p). 

For any g € GL2(Qp) and any vertex v oi Tp corresponding to a maximal order R of M2(Qp) 
let g~^vg be the vertex corresponding to the maximal order g~^Rg. Likewise, for a path p = 
{vq,vi, . . . ,Vm) let g~^pg be the path {g~^vog, g~^vig, . . . ,g~^Vmg) corresponding to the Eichler 
order obtained by taking the intersection of the maximal orders corresponding to the vertices 
g~^vog and g~^Vmg- For all integers m, let u^™) be the vertex corresponding to the maximal 
order (^m^ ^ z ^^)' ^'^^ has,e point 

and define a map GL2(Qp) Vp{m) by (7 1— > g~^Pog- Since the action of the matrices of the 
form ( a ) , with a £ , on an Eichler order is trivial, the above map induces a well-defined 
map PGL2(Qp) Vp{m). Now define 

Tob'") := {(?^) G GL2(Zp) I (modp™)}. 
Lemma 1.1. The map [g\ ^ g^^Pog from ro(p'")\ PGL2(Qp) to Vp{m) is a bijection. 
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Proof. First of all, the map is well defined because To{p^) is the stabilizer in GL2(Qp) of the pairs 
of vertices of Tp at distance m. This also shows injectivity. Finally, surjectivity follows because 
PGL2(Qp) acts transitively on Vp{m). □ 

Remark 1.2. The bijection exhibited in Lemma 11.11 depends on the path Pq, hence it is not 
canonical. However, since our choice of the distinguished path Pq is in some sense the natural one, 
in the following we will interpret Lemma ll.ll as providing an identification of ro(p™')\ PGL2(Qp) 
with Vp{m). 

Define Rm^ := {x G Rm \ Xp = l} and Am := n Rm^^ GL2(Qp). By strong approximation, 

X P)/i?x = ro(p'")\(GL2(Qp) X F)/Am. 

Since ro(p™') D and D n Z[l/p], strong approximation and the fact that Tq{p"^) acts 
trivially on P give further identifications 

X P)/i?x = ro(p"^)\(PGL2(Qp) X F)/Am 

(6) = [(ro(p™)\ PGL2(Qp)) X F] /Am 

= {Vp{m) xP)/A™, 

with the last equality coming from Lemma 11.11 The next result describes the action of Up on 
Div(X™). 

Proposition 1.3. The action of Up on Div(Xm) is represented by the map 

ip,z) I — > ^{p',z) 

on Vp{m) X P, where if p = {vq, . . . , Vm) the the sum is over all paths p' which can be written as 
pi = {v' , Vq, . . . , Vm-i) for some vertex v' at distance one from vq, with the additional requirement 
that p' ^ p if m = \. 

Proof. Keep equation ([6]) in mind and suppose that Vi{p) = g~^v^^^g for some g G GL2(Qp). 
Then TTag represents the path p' with Vi{p') = g~^TT~^v^^^TTag for i = 0, . . . ,m. Upon noticing 
that TTa^v^''^TTa = u^*"^) for i = 1, . . . ,m and that TTaV^^^ is the vertex of Tp corresponding to the 
maximal order v^~^^ = {p^i^ ) , which is at distance one from v^^^ and different from v^^\ the 
result follows. □ 



2. Heegner points 

Let K be an imaginary quadratic field of discriminant D = Dk prime to pN and denote by 
Ok its ring of algebraic integers. Assume that the following Heegner hypothesis is satisfied: 

• a prime number I divides A^"*" (respectively, N~) if and only if £ splits (respectively, is 
inert) in K. 

No conditions are imposed on p. 
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2.1. Heegner points on and X^- For any order O <Z K and any Eichler order R C B, we 
say that a morphism / G HomQ(K, is an optimal embedding of O in R if 

f{0) = RnfiK) (i.e., r\R) = 0). 

We say that a point P = [{g, /)] G X^-* for some integer m > is a Heegner point of conductor 
cond(O) on Xm if / is an optimal embedding of O into the Eichler order g~^Rmg H B, where 
cond(O) is the conductor of O. Note that both in the definite and in the indefinite case Heegner 
points are contained in More precisely, suppose that P is a Heegner point of conductor 

cond(O) on Xm'- if B is definite then P G Xm{K)-, while if B is indefinite then P G -'^m(^^cond(C')) 
where -f^cond(C') is the ring class field of K of conductor cond(C). It can be shown that the set 
Heeg^(cond(0)) of Heegner points on Xm of conductor cond(O) is always finite (possibly empty) 
and to compute its cardinality as cond(O) and Xm vary: see [40l Theorem 1] and [50^; Ch. Ill, 
Theoreme 5.11]. 

Finally, we say that a point P G Xm^ is a Heegner point of conductor cond(C') on Xm if the 
same is true of (3m{P) G Xm, where Pm is as in diagram ([5]). In other words, the Heegner points 
of a certain conductor r on Xm are simply the lifts via Pm of the Heegner points of conductor r 
on Xm as defined above. 

2.2. Hecke relations on Xm. Define an action of Gal(i^^'^/i^) ~ K^'/K'' on X^^ by the 
formula 

(7) P-:=[{gf{a),f)] 

for ah G K^'/K'' and ah P = [{g, /)] G xi^\ where f : k"" ^ B"" is the map obtained from / 
by passing to the adelizations of K and B. Let Pic(C') := /K^O^ be the Picard group of O. 
By class field theory, Pic(O) ~ Gal(ffcond{C))/-f^) and ^ defines an action of Pic(O) on the set 
Heeg^(cond(C')). By Shimura's reciprocity law ( [46^ Theorem 9.6]), if B is indefinite the action 
of Pic(O) defined in ([7]) corresponds under the isomorphism Gal(//cond(0)/-f^) — Pic(O) to the 
usual Galois action of Gal(-?/cond(C')/^) on Xm(-ffcond{C'))- If ^ is definite, formula ([7]) may be 
regarded instead as the definition of the Galois action on the set Heeg^(cond(C')); note that this 
action is not induced by the natural action of Gal(Q/Q) on the geometric points of X^., since in 
this case xj^^ = Xm{K) as remarked before. 

For every integer c > 1 prime to N and every integer n > denote by Ocp" := Z + cp^Ox the 
order of K of conductor cp"'. 

Proposition 2.1. Let P = [{g,f)] be a point in Xm^ for some m > 1. Suppose that P is a 
Heegner point of conductor cp^ for some integer n and that ttP = [{Ttg, /)] is a Heegner point of 
conductor cp"~^^ . Then 

U,{P)=T.H^^^^,/H^A^P) 

in Div(Xm). 

Proof. Let P be represented by (7, /') under ([6]), so that g = r^b and /' = bfb^^ with 7 G Bp , 

r G Rm^^ and b B^ , and let 7 correspond to the path p = [vq, . . . ,Vm) (cf. §1.4p . By 
Proposition 11.31 the elements in Up{P) are represented by the pairs {p{a),f') where p{a) = 
(v{a),vo, . . . , Vm-i) and the v{a) for a = 0, ... ,p — 1 are the vertices adjacent to vq and different 
from vi. In particular, the path p(0) is (^v^~^\v^'^\ . . . ,t;(™'~^)). 
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Note that ttP = [{Ttg,f)]. We have itg = -itrjb = '^((op)7)&, so ttP is represented under ([6]) 
by the pair ((op)7, /') and thus corresponds to the path p(0). Let now a G Gal{Hf.pn+i / Hep") 
be represented by the element o G O^n under the isomorphism 

Since / is an optimal embedding of Ocp" into g^^RmQ H B, we see that /(a) = g^^xg for some 
X G and so we can write 

7cP-=[{ngf{a)J)] = [{fcxgj)] 

for some x G i?^. As above, we have nxg = Ttx^^^Xprjb = J p)xp7)5 where x^'^^ and Xp 

denote the product of the components of x outside p and the component of x in p, respectively. 
Thus the path associated with vrP*^ is the one associated with the matrix (0^)2:^7. Now the 
image of Pq under the action of (op) is p(0) and, since Xp G [Km ^p)^, the action of this 
matrix on p{0) stabilizes the vertices v^^\ v^^\ . . . , v^"^~^\ so it is of the form p{a) for some 
a G {0, . . . ,p — 1}. Since Gal(-ffcp"+i/-f^cp") acts without fixed points and the cardinality of this 
group is p — 1, the result follows. □ 

2.3. Fields of rationality. Define an action of Gal{K^^ / K) ~ /K^ on Xm^ by the formula 

(8) P^:= [(5/(a),/)] 

for ah a G K'^/K'' and all P = [(gj)] G As in g221 if B is indefinite then Shimura's 

reciprocity law ensures that this action corresponds to the usual Galois action of Gal{K^^ / K) on 
XmiK'^^), and if / is an embedding of K into B then P G XmiK'^^). If B is definite then the 
action of Gal(i^'^^/A') on X^iQ) is instead defined as in (jS]). 

To study the fields of rationality of Heegner points on X^ some class field theory is needed. 
To begin with, define 

Zm := f-\Umnf{d^pr^)). 

Lemma 2.2. Z„ = {a = (a,) G 0^^™ | = 1 (mod p™-)}. 

Proof. As usual, let fp denote the map obtained from / by extending scalars to Zp. Note that 
a G Zm if and only if a G and 



for some b G Zp, d £ Zp and A G M2(Zp). Since Ocp^^Zp = Zp+p'^Ox'^'^p, write Op = a+p^fi 
with a G and (3 G Ok ^Zp. It follows that 



with i? = /p(/3) G M2(Zp). Thus a G precisely when a G O^m and ap = a + with a = 1 
(mod p™), whence the claim. □ 

For any number field F denote by Ip its idele group (so is the finite part of Ip)- Write 
Hcprn for the class field of Zm,oo '■= Zm x , so that 
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Proposition 2.3. Let P G be a Heegner point. Then 

(1) P G H^{Gal{K"^/Hcpr^),Xm{K)) in the definite case; 

(2) P G Xm{Hcp"^) in the indefinite case. 

Proof. Use the fact that P is fixed by the action of Gal{K^^ / Hcp"i) and that in the indefinite 
case P is rational over K'^^ by, for example, [HI Lemma 3.11]. □ 

We give a more explicit description of Hcpm . As a general notation, for every integer n > 1 let 
be the n-th roots of unity. Set p* := {—l^P^^^^'^p. 

Lemma 2.4. Q(v^) C Hcp^. 

Proof. It is enough to show that Q(a/p*) C Hp, as Hp C H(,p^n for all integers m > 1. The field 
QiVp*) is known to be the unique quadratic extension of Q contained in Q(/2pm). Its norm group 
contains the group Wm,oo introduced in the proof of Proposition 12.51 below and is contained with 
index 2 in the trivial norm group Z^. Define 

Q := X {y G Zp | y is a square modulo p}; 

e^p 

the characterization of Q(-v/p*) implies that Gal(Q(-\/p*)/Q) ~ Iq/Q^Q. Moreover, it is easy to 
show that Norm^/Q(Op ) C Q. Indeed, 

Norm^^/Q^(0;) CZ,^ 

for all i ^ p. On the other hand, an element x G Op Zp in the p-component can be written as 
X = a + p(3 with a G Z^ and (3 G Ok Zp. It follows that 

Norm^p/Qp(x) = (mod p). 

Since Norm;^/Q(0^) C Q^'Q and 

NormH^/Q(^;) = Q>^ Norm^/Q(Normj,^/;,(^;)) = Q>^ Norm^/Q(a;), 

the maximal abelian extension of Q in Hp contains the field corresponding to Q^Q, namely 
Q(Vp*)- This proves the lemma. □ 

Now we can prove 
Proposition 2.5. Hcp^ = Hcp"^{Hpm). 

Proof. Write Gal(i^/Q) ~ Iq/Q^C where C := Notuik/qIk is the norm group of K. Define 

Wm ■■='[[l^i X {a e \ a = 1 (mod p™)} 
e^p 

and set Wm,oo '■= Wm x 1R+ where M+ is the group of positive real numbers. The extension 
K{fipm)/Q is abelian, and since Gal(Q(/Xpm)/Q) ~ lQ/Q^Wm,oo it follows by global class field 
theory (cf. [ST, Ch. IV, Theorem 7.1]) that 

Gal{K{fipm)/Q) ~ /Q/Q^(CnPr„,oo). 

Now Gal{K (fipm) / K) ~ / K^Vm where Vm denotes the finite part of the norm group Norm^(^^^)/^(/;^(^^^)) . 
Hence 

(9) Gal{H,pn.{ti^^)/K) ~ K'^/K^V^ n O^^^). 
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Since the finite part of Norm;^(^^^)/Q(/;^(^^^-)) equals Norm.x/Q{Vm) and 
it follows that 

VmC{xeK'' \ Norm^/Q(x) E Q'^Wm}- 

Let X G Vm n O^m and write x = a + cp'^P with a G Z and /3 G Ox- Then Normx/Q)(a;) G 
Q^Wm n = Wm,. On the other hand, locally at p: 

NormXp/Qp(xp) = al (mod p""). 

It follows that Op = ±1 (mod p™"), and the description of provided by Lemma 12.21 gives the 
inclusion 

The isomorphism ([9]) finally yields: 

(10) Hcp^ C Hcp"^{fJ-pm). 

It is easily seen that the Galois group Gal{Hcp"i{fipm)/ Hcp^) is isomorphic to O^m/O^m^m- 
Since O^pm/Zm is isomorphic to (Z/p™Z)^ via the map which sends a = {aq)q G O^m to Op 
(mod y™) G (Z/p'"Z)^, and O^^n^ = {±1} for m > 1, we get that 

(11) [Hcpr^ : Hcprr.] = (^(p")/2. 

The result follows from (jlOh and (llip upon noticing that [Hcp^{Hpm.) : -ffcp™] ^ 95(p'")/2 because 
-ffcp- 15 Q(VF^) by Lemma [231 □ 

Convention. In light of Proposition 12.51 from now on we adopt the explicit notation Hcp^{fXpm) 
in place of the shorthand Hcp^ ■ The reason why we do so is that whenever c = p" with n > 1 we 
have Hcpm / i?(c/p)p™+i) so the previous notation would be ambiguous. 

2.4. Hecke relations on X^- Let r, s > 1 be integers. Then 

Gal{H,ps{fXpr)/K) ~ i^V^TX {V,. D O^ps) 

where Vr is the finite part of the norm group Norm/^(^^,,)//^(/^(^^^)). Hence for every pair of 
integers t, u with t > s and u > r there is an isomorphism 

{Vr n a,^;.)/^'' (K n d^^,) ^ Gai(i/,p*(/Xp„)/F,p.(/XpO)- 

As pointed out in the proof of Proposition 12.51 every element x = a + cp'^P G Vr D O^ps (with 
a G Z and (3 G Ok) satisfies the local conditions 

Normj^p/Qp (xp) = Op (modp"'), Norm;^p/Qp(xp) = 1 (mod/). 

It follows that every a G Gal [H^pt {fJ-pu ) / Hcps {fJ-pr)) can be represented by an element x = a+cp'^fi 
as above such that Op = 1 (mod p^). 

Let P = [{g, /)] be a point on Xm for some m > 1 and let vr be the idele introduced in §2.21 
Suppose that P is a Heegner point of conductor cp^ for some n > and that vrP = [(vr^r, /)] is a 
Heegner point of X^ of conductor cp^^^. Moreover, suppose that the following condition holds. 
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Assumption 2.6. The local embedding Qp^ fpQp : Kp ^ Bp sends the elements of Ocp" 
which are congruent to 1 modulo p" to matrices in M2(Zp) which are congruent to the identity 
modulo p". 

When applying the results below to our compatible family of Heegner points, these conditions 
will always be satisfied (see Proposition 13.111 and Corollary 13. 13p . 

Take a G Gal(-ffcp"+i(/^p"+i)/-f^cp"(/^p"+i)) and let it be represented by o G O^pn. By the 
above discussion, we can (and do) assume that 

(12) o = a + cp"/3, ap = l (mod p"). 

Since 

Ga\.(^Hf.pn + l{llpn + l) / H(■pn{^lpn + ^)^ C Ga\{H ^pn + \ {^Ipn + l) / H cpn) , 

it makes sense to consider the projection a of a to Gsl{H^pn+i / Hcp^), which is represented by the 
same o. Let P be the image of P on via 13m- The proof of Proposition 12.11 shows that if P is 
represented by a pair {p, f) via ([6]) then both Up{P) and Trj;^ n+i/H^pni'^P) are represented by 

X]a=o(p('^)' /')■ Hence there exist i G {0, . . . ,p — 1} and H G such that 

T^p9pf{a)p = (^^)(i;)5p 

with Hp = ( " (5 ) (recall the convention about the adeles in B introduced at the beginning of 
Section [1]) . By ([12]) and Assumption 12. 6^ there also exists T G such that 



(13) 



a p\ fl A _ A 0\ fa b 
7 ' \0 p) ~ [0 p) \c d 



with Tp = (^^) and (;!^) = (10) (modp"). The equality ^ of matrices in M2(Zp) im- 
mediately implies that H G R^ f^Un- In particular, if n > m then H G Um- In this case, the 
point 

(14) {ttPY = [{n,g,f)] 
appears in Up(^P). 

Proposition 2.7. Let P = [{g, /)] be a Heegner point of conductor cp^ on Xm for some n > 

m. Suppose also that ttP = [(tt^, /)] is a Heegner point of conductor cp^'^^ on Xm and that 
Assumption \2.6\ holds. Then 

in Div(Am) . 

Proof. Since the fields H^pn+i and Hcp"{^pu+i) are linearly disjoint over -ffcp", the projection 

Gal (i?|,pn + l (/i.pn + 1 )/-ffcp" (Mpn + l )) ^ Ga\{H ^pu+l / H cp") 

is an isomorphism. Thus Gal(^H^pn+i{fipu+i) / Hcpr^{fipu+i)) is isomorphic to Z/pZ, and the claim 
of the proposition follows from (jl4p . □ 
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3. Explicit construction of families of Heegner points 



The purpose of this section is to construct a family of Heegner points on the tower of Shimura 
curves which satisfies suitable compatibility properties with respect to the natural covering maps 
in the tower. These points will be the building blocks in our definition of big Heegner points 
and classes that will be performed in Section [6l Unlike what done in [23] , to achieve our goal 
we systematically adopt the language and formalism of optimal embeddings, and this approach 
allows us to treat in a uniform way both the definite and the indefinite case. As will be apparent 
below, the construction (though as explicit as possible) is technically rather intricate: the reader 
who is exclusively interested in the formal properties enjoyed by our system of points is suggested 
to skip directly to ^3.5[ 

3.1. Heegner points of conductor cp"^ on and X^. In order to introduce the systems of 
Heegner points that we shall work with, we need to recall some auxiliary results and definitions. 
As a preliminary remark, note that the Heegner hypothesis and [40, Theorems 1 and 2] ensure 
that the set Heeg^(cp'") of Heegner points of conductor cp'^ on is not empty. 

Let O be an order of K and R an order of B. Let £ be a prime number. Define K£ := K 0^ '^i 
and Bi := B 0z "^e- An injective homomorphism (p : Ki ^ Bg of Q^-algebras is said to be an 
optimal embedding of C <8> into i? <8) if 



Two optimal embeddings ip and ip of O Zg into R^'Li are said to be equivalent if there exists 
an element u {R0 Z^)^ such that if = u~^t(ju. 

If f : K ^ B is an injective homomorphism of Q-algebras and £ is a prime number, denote by 
fi = f ® idz£ '■ Ki ^ Bg the homomorphism which is obtained from / by extension of scalars. 

The next lemma says that a global embedding is optimal if and only if it induces at every 
prime an optimal embedding of the local orders. 

Lemma 3.1. An injective homomorphism of Q^- algebras f : K ^ B is an optimal embedding of 
O into R if and only if fi is an optimal embedding of O (^T^e into i? Z^ for all primes £. 

Proof. Let us prove the "if" part. First of all, observe that K f] (O <Ei Z^) = O ® Z(^) and 
-B n (ii Z^) = i? Z(^) where Z(^) is the localization of Z at £ and the intersections are taken 
in Ki and Bi, respectively. On the one hand, 



ip{0 (g) Zi) = ip{Ke) n{R(g> Zi) 



(i.e., ip-'^{R(g>Ze) = Z^). 



fp{R (S)Zi)nK = {0(S)Zi)nK 



On the other hand 



f^\R ®Zg)r\K = {Br\{R® Ze)) 



f 



1 



(i?®Z(,)). 



It follows that 



f-^R) = (n(^ ® ^w)) = n ^"'(^ ® = n^^ ® = ^ 




which proves the claim. 

To show the "only if" implication proceed as follows. By assumption. 



f{0) = f{K)nR. 



18 



MATTEO LONGO AND STEFANO VIGNI 



Then one has 

h{0 Z,) = f{0) = {f{K) nR)0Z, 
= feiKe)n{R^Ze), 

where the third equahty follows from |29i Theorem 7.4 (i)] since is flat as a Z-module. See 
|43l Lemma 4.9] for a quick proof of this lemma using the elementary divisor theorem. □ 

Let R be an Eichler order of B,let Ii, . . . , 1^ be representatives of all the distinct classes of left 
-R-ideals and denote by Ri the right order of Ii for i = 1, . . . ,h. The number h depends only on 
the level of R and the discriminant of the quaternion algebra, and the set {Ri, Rh} consists of 
representatives for all the conjugacy classes of Eichler orders in B with the same level. For every 
i G {1, . . . ,h} fix an element ji S such that Ri = jl^^Rji and write ji^i for the ^-component 
of 7j at a prime £. 

Proposition 3.2. Let O he an order of K and R an Eichler order of B, and let {^e}e be a 
collection of optimal embeddings of O into i? ® for all primes L Then there exists an 

optimal embedding f : K ^ B of O into Ri for some i G {!,..., /i} such that Ji/fej~^ is 
equivalent to ipi for all I. 

Proof. This is essentially a consequence of Eichler's trace formula ([501 Ch. Ill, Theoreme 5.11]); 
for the convenience of the reader, we give here a direct proof (see [5^ Ch. Ill, §5] or [42, §3] for 
more details). By the assumption on K, there exists an injective homomorphism g : K ^ B of 
Q-algebras. By the Skolem-Noether theorem, for each prime i there exists G B^ such that 
g£ = aj^(p£ai. For almost all primes i which do not divide the discriminant of B, the level of 
R and the conductor of O the map gi is an optimal embedding of O (gi into R<Si Zf this is 
so because g{0) is contained in a maximal order whose ^-adic completion is equal to i? (8) for 
almost all i. Hence we can assume that ai G {R®'L()'^ for almost all i; in fact, by [50, Ch. II, 
§3], if ^ does not divide the discriminant of B and the level of R there is only one equivalence 
class of optimal embeddings of O (8) Z^ into R ® Z^. Write a for the idele (a^)^. By the strong 
approximation theorem, there exist a unique index i G {l,...,/i}, a global element b & B^ and 
a unit u G R^ such that a = wjib. Then / := bgb~^ is a global embedding of K into B such that 
fi is conjugate to (pe for all primes £. In fact, for every prime I one has 

li/faij = li/bgi,h~^-i^J = {ji/baj'^)ipi{ji/baj'^y^ = uj'^(piUe, 

which shows that 'ji/fe'J^i is equivalent to (p£. In particular, fe is an optimal embedding of 0®1.i 
into li\{R ® Z()^i^ii = i?j (8) Z^ for every prime hence / is an optimal embedding of O into Ri 
by Lemma |3. 11 □ 

For every integer m > 0, let i?Q™^ denote the order of level in B such that Rm = Rq^^Rq"^ ■ 
The order R^^^ is determined by the following local conditions: 

(15) r'^^ 0Ze = Ro^Ze for all £ ^ p; 

(16) (4") Z,) = ( 1 ) M2 (Z,) ( J ^ °. ) = {4-h) M2 (Zp) ( ; ) . 

In particular, r'^^ = Rq. Furthermore, for every r G {0, . . . ,m} define Eichler orders R^^-r 

n R'^^ ■ Note that R^^^ has level N'^p'^ for all A; G {0, ... , m\ and that, from equations ([15]) 
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and (|16p . it is determined by the two conditions 

(17) i?^™^ 0Zi = Ro(^Zi for all i ^ p; 

(18) ^,(4™) 0Z,) = (^4/^-70- 

The following result will be used to prove optimality properties of the local embeddings ip^^ 
introduced below. 

Lemma 3.3. Fix an integer m > 1 and suppose that -dp : Kp ^ Bp is an optimal embedding of 
Oc <E) into Zp. Then §p is an optimal embedding of Ocp^ ® TLp into iin™^ ® Zp for all 
e {0, . . . , m} if and only if t?" ^ {d^^ ® Zp) C {l^^ (g) Zp) for all n £ {0, . . . ,m - 1} . 



n 



Proof. The condition is clearly necessary; to prove that it is also sufficient we proceed by induction 
on n. The case n = is guaranteed by our assumption, so let us suppose that ??p is an optimal 

embedding of O^pfc Zp into R^f^^ Zp for a certain A; G {0, . . . , m — 1}. 

We want to show that O^pk+i 03 Zp is equal to "ffp^lR^f^^ Zp). Take x in O^pk+i and write 
= t + cp^^^y wi 
we conclude that 



X = t + cp^^^y with i G Z and y G Ok- Then x = t +p{cp^y) with cp^y G O^pk, hence if z G Zp 



dpix ®z) = ^p{t 0z)+ p'dpicp'^y (g)z) e R^j^l ® Zp 

because 'dp{cp^y (8) z) G Zp by the inductive step and P-R^™''' C R^^^i by (fT7|) and (fTH]) . 
Therefore: 

O^pk+i Zp C i?p 1 (i?i"^i Zp) C dp^ {R^^'^ ® Zp) = O^pk ® Zp, 
with the equality on the right due to the fact that ^Dp is an optimal embedding of O^pk Zp into 
R^^^ Zp. But 'dp'^{R^^^ (8) Zp) C -"^ (i?^™-* (gi Zp) by assumption and O^pk+i Zp has index p 
in O^pk Ijp, so ??p ""^ (i?^™^]^ fg) Zp) = Oj-pfc+i Zp and the lemma is proved. □ 

Proposition 13.21 reduces the construction of global optimal embeddings to that of local ones. 
In the following the local component at p is studied. Let p^ be the power of p dividing c exactly 
(i.e., p^\c but p^~^^ I c). Write K = Q{\^—D) with D > and recall the chosen isomorphism 

(j)p:Bp^ M2(Qp). 
We distinguish when p is inert and when p splits in K: 



Kp 



\/—D Qp if p is inert in K, 



}p (B Qp Hp splits in K. 

Then we consider the following embeddings ipp : Kp ^ Bp-. 

1) p inert 



Kp — > Bp 



2) p split 

Kp — > Bp 

{a, 13) I — y 0p^(((o_|)/ph J)). 
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In both cases, since (j)p{Ro Zp) = M2(Zp), we have 

(19) tPp\Ro0Zp) = Oc^Zp. 
Define 

For all m > 0, it follows from equations (jlSp and (jl9p that 

(20) ((^("))-^(4™) Zp) = Oe Zp, 

that is, if^^ is an optimal embedding of Oc^'^p into iig"^^ Moreover, a direct computation 

shows that 

(21) (4-))-i(i?S) Z,) C (^M)-i(i?M Z,). 
for all n G {0, . . . , m}. Now we study y^p™^ more closely. 

Lemma 3.4. The map (p^^ is an optimal embedding of Ocp^ Zp into Zp for all n G 
{0,...,m}. 

Proof. Since (^p™"^ is an optimal embedding of Oc Zp into Rq"^ Zp by (f20ll . the result follows 
from (1211) combined with Lemma l3^ □ 



Lemma 3.5. The map (p^^ is an optimal embedding of Ocpm ^ Zp into Rn <8> Zp for all n G 
{0,...,m}. 

Proof. The case n = m follows because v^p™'* is an optimal embedding of C'cp^'X'Zp into Pln^^ljp = 

Rm Zp by Lemma 13.41 So suppose that ip^p^^ is not an optimal embedding of Ocp™ CS> Zp into 
-R„ ® "Lp for some n G {0, . . . , m — 1}. Hence 

V5p™^(Ccp'"-i ^p) C i?„ Zp. 

^p C i?!""^ Zp ar 

it follows that 



Since R^^li tX" Zp C rIt^^ Zp and v^p™'' is an optimal embedding of O into f?) Zp, 



V>irHO^pn.-i Zp) C Zp. 

But we know that 
thus we get 

(Ocp— 1 ® ^p) c {Rn n i?i'")) ® Zp c (i?o n R^^^) ®'Lp = Rm® 'Lp. 

Hence v^p"^ cannot be an optimal embedding of Ocp™ ^Zp into Rm^Lp, which is a contradiction. 

□ 

For all primes i ^ p choose an optimal embedding (p£ : Ki — > Bi of Ok ® Z^ into i?o ® Lf. 
this can be done by [401 Theorem 2]. For primes i \ Np it is possible to choose ipi in such a 
way that for every integer n > it induces an optimal embedding of O^n Z^ into a maximal 
order R{£,n) of M2(Q£) with the property that the collection {i'i}i=o,...,n) where Vi is the vertex 
of the Bruhat-Tits tree Ti of GL2(Q^) representing R{i,i), determines a path of length n with 
no backtracking. See pPj §2.4] for details. 
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Remark 3.6. This choice of ip£ allows us to show the horizontal compatibilities for big Heegner 
points in §7.21 Analogous choices of ipi could be made also for primes i ^ p such that i\N, and 
these would yield similar horizontal compatibilities for these primes too. 

Let c be an integer prime to N fixed as above. For every prime i ^ p with £\c let n{c, i) denote 
the exponent of the highest power of H. dividing c. For all m > 1 define 

Rm{c):=i W R{i,n{c,e)) J] Rm^zAnB. 

\^7^pand^|c e = p ov £ >( c / 

The Eichler order Rm{c) has the same level as Rm- Denote by Rm,i, ■ ■ ■ , Rm,h{m) the right 
orders of a set of representatives of the left Rm-ideals and take 7m,i) • • • ilm,h{m) ^ such that 
Rm,i = 7^]iRmlm,i for alH G {1, . . . , h{m)}. 

For primes £ ^ p such that £\c the map ipi is an optimal embedding of Ocp'" (^Z^ = Opi(c,e) 01,1 
into Rm{c)0^e = R{i,n{c,e)). For primes i\N the map (p£ is an optimal embedding of Ocpm CSiZ^ = 
Ok Z£ into Rm{c) ®%£ = Rm Z^ (to see this, use the fact that Rm (8) Z^ = i?o "X* Z^ if £ / p) . 
Finally, (p^^ is an optimal embedding of Ocp^ Zp into Rm{c) iS> "^p = Rm ® Z^. Hence, since 
i?m(c) and Rm have the same level, by Proposition 13.21 we can choose an optimal embedding 

/(™''^) of Ocp- into Rm,k^^^ for some km,c G {1, . . . , h{m)} such that {jm^k^^J gfe^''^\lm,km,c) £ ^ is 
equivalent to ip£ for £ p and to ip^p^^ ioi £ = p (here f^'^''^^ is the ^-component of /(™''^)). Since 
c is fixed, in the following we will simply set 

k — k f{m) — f{m,c) 

Proposition 3.7. The map /(™) is an optimal embedding of Ocp^ into the Eichler order B n 
'ym,k,r.^nlm,k^ for a// n = {0, . . . , m} . 

Proof. Set k := km- By Lemma l3.ll it is enough to show that f^"^^ is an optimal embedding of 
Ocpm Z^ into [B n 7~\i?n7m,A;) ® Z^ for all i. Recall that f^"^^ is an optimal embedding of 
Ccp™ ® Z^ into Rm,k ® Z^ for each £. For £ pwe have Rm,k (8) Z^ = (i? n ^^j.Rnlm.k) "8 Z^, hence 
/^^™^ is an optimal embedding of Ocpm ® Z^ into (B n 'y^\Rn7m,k) "8 Z^ for all such £. For the 
prime p, observe that fjT^ is (7m,fc)~^(-Rm'8Zp)(7m,fc)p-equivalent to the map (7m,,fc)~Vp"^(7m,fc)p 
which, by Lemma [331 is an optimal embedding of Ocp^ (SDZp into {'~tm,k)p^{Rn®'^p){lm,k)p- Hence 
there exists an element u G i'ym,k)p^ (Rm ^ '^p)^ {lm,k)p such that 

fir^ = u-\im,krp\^;^\i^,k)pu. 

Since Rn 13 Rm, the map /p™^ is an optimal embedding of Ocp™ Zp into {'^m,k)p^ {Rn "8 
'^p){lm,k)p = {Bn j'^i^Rnlm^k) ^ ^p, and we are done. □ 

Corollary 3.8. The image of [(7m,fcmi Z^™'')] £ via the maps in diagram ([5]) is a Heegner 

point of conductor cp"^ on Xn for all n £ {0, . . . , m}. 

Proof. Immediate from Proposition 13.71 □ 

Now we turn our attention to Heegner points of conductor cp"^ on Xm, which were defined at 
the end of glU 
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Corollary 3.9. The image of [(7m,fcm,! Z^™'')] ^ xin^ via the maps in diagram ^ is a Heegner 
point of conductor cp'^ on X„, for all n € {0, . . . , m}. 

Proof. Immediate from Corollary 13.81 by the commutativity of ([5]). □ 

3.2. Compatible families of Heegner points. We slightly modify the sequence of points 
fn ^ [(7m,fcm> /^™^)] order to make them compatible with respect to the Hecke action ( §3.3p 
and the Galois action ( §3.4p . As in the proof of Proposition 13.21 fix an injection g : K ^ B of 
Q-algebras and for every integer m > write f^"^^ = bmgb^ with g£ = a^^ipeam/ for i ^ p, 

9p = am,pVp^^am,p and = {am,e)i = Um'ym,kmbm (here Um G Rm and bm € B^). Recall that 
n = ttq is the idele in B^ with all components equal to 1 save the p-component vTp which is 
equal to vTp := (op). Let n e {0, ...,m} and note that cp^^ = 7r^~"93p"^7rp A direct 
calculation shows that the product vTp ^"^ "^am,pa~^p commutes with every element in ip>^\Kp), 

thus am,p = 7r™~"<^p"'-'(cp)a„,p for SOIXLG Cp G . It follows tll3,t tlicrc exists Cui^fi £ K'^ such that 
its p-component {cm,n)p is equal to Cp and 

(22) ■UmTm.fc™ = T^'^~'^Un'^n,k„f^'^\cm,n)bnbm ■ 

On the other hand, since Z^'"-* = b^gb^ and /'^"^ = bngb~^, it follows that 

(23) /(™) = b^b-'f^^Kb-\ 
Lemma 3.10. Fix an integer m >0 and let n G {0, . . . , m}. Then 

[{nmlm,k^,f^"'^)] = [(vr'"-%„7n,fc„/(")(w), 

both on Xm and on Xm, and if x £ then 

[{Umlm,kj^'^\x),f^"^^)] = [(vr—"n„7n,fc„/("Hc^,nX), /("))] 

both on Xm and on Xm- 

Proof. Straightforward from ()22p and ([23]). □ 
Define 

Pc,o = Pc,o ■■= [(^070,^0,/^°^)] e ) = ) 



For all integers m > 1 set Xm '■= 11^=0^ '^n+i ■ Then define 

Pc^m := [(7r.,fe„/(™)(x„.), /("))] G 

and 

Pc,m := [{nmln.,k^f^^^\xm)J^"'^)] G X^^^ ■ ^ 

Each Pc,m (respectively, Pc,m) is a Heegner point on Xm (respectively, Xm) of conductor cp™. In 
fact, if we set 

Qcm ■■= [{7m,k^J^"'^)](^X^J^^ 

and let am be the Galois element represented by Xm under the isomorphism 

then Corollary 13.81 ensures that Qc,m is a Heegner point on Xm of conductor cp™ , while formula 
([7]) shows that 

Pc,m — (Qc 



\0"m 
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The point Pc. m is a suitable lift of Pc^m to Xm • More generally, we have the following 

Proposition 3.11. The image of Pc^m £ X^ (respectively, Pc,m £ via the maps in diagram 
^ is a Heegner point of conductor cp^ on (respectively, Xn) for all n G {0, . . . , m}. 

Proof. A direct consequence of Corollary 13.81 (respectively. Corollary I3.9p . □ 

For all m > 0, every point P = [{g, /)] G Xm and every x ^ define 

xP:= [{xg,f)]eX^. 

Moreover, for a e and P = [{g, /)] e xin^ set 

:=[{gf{a),f)] ex(f). 

This is nothing other than the action of the class of a in /K^ as defined in ([7]). Analogous 
conventions will be adopted for points on X^- 

Proposition 3.12. For all m> 1 and every a G : 

and _ _ _ 

^m{Pc,m) = (TT-Pcm-l)" in Xm-l- 

Proof. Note that Cm,m-iXm = ^m-i for all m > 1. It follows from Lemma 13.101 that 

[{nmlm,kj^'^\x^a),f^^'^)] = [(7r7x™„i7™-i,fc_,/("^-^)(x„_ia),/(— ^))], 
and we are done. □ 
The following immediate consequence will be crucially used when studying Hecke relations. 

Corollary 3.13. For all m > 1, the point nPc^m-i (respectively, ■kPc^m-i) is a Heegner point of 
conductor cp"^ on Xm-i (respectively, Xm~i). 

Proof. Take a = 1 in Proposition 13.121 and then apply Proposition 13. 1 11 with n = m — 1. □ 

3.3. Hecke relations in compatible families. The results we prove in this § justify our choice 
of the points Pc,m and Pc,m- Write 

am,* ■■ Div{Xm) — > Div{Xm-i), am,* ■■ Div{Xm) — > Div{Xm-i) 

for the maps between divisor groups induced by am and am by covariant functoriality. In other 
words, Q;m,*(Pi + • • ■ + Ps) '■= am(Pi) + • • • + «m(Ps) for all points Pi, . . . , P^ on Xm, and similarly 
for am,*- 

Proposition 3.14. Let m >2. Then 

Up{Pc,rn~-l) = am,*{TrH^^^/H^^m-liPc,m)) 

in Div(Xm-i). 

Proof. The point Pc^m-i is (by construction) a Heegner point of conductor cp^~^ on X^-i, and 
TvPc^m-i is a Heegner point of conductor cp™ on Xm-i by Corollarv l3.131 Hence the assumptions 
of Proposition 12.11 are satisfied, and we get the equality 

Up{Pc,m~l) = TTH^^m/H^^^^,{^Pc,ni-l)- 

Now the claim follows from Proposition 13.12] □ 
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The next result is the counterpart for the curves of Proposition 13.141 Before stating 
it, we remark that a straightforward (but somewhat tedious) computation, starting from the 
explicit expression of the embeddings tpp given in ^3.H shows that the Heegner points Pc,m satisfy 
Assumption 12.61 



Proposition 3.15. Let m >2. Then 
in Div(Xm-i) . 

Proof. Proceed exactly as in the proof of Proposition 13. 14^ this time using Proposition 12.71 in 
place of Proposition 12.11 □ 

The two propositions below study Hecke relations between Heeg ner points of the form Pc,m 
and -Pc,m when we multiply the integer c by powers of p. 

Proposition 3.16. Let m > 1 and r > 1 fixed integers. Then 

Up{Pcpr-\m) = Tr^^^^^+,//^^p„+,_l(-Pcp^m) 

in Div(Xm). 

Proof. Combine Propositions 12.11 and 13.71 □ 
Proposition 3.17. Let m > 1 and r > 1 fixed integers. Then 

Up{Pcpr-l^rn) = T^''^H^^,„+r{lJ'j,ni+r)/H^^,ri+r-l{tJ^pm + l){^Cp'-,m) 

in Div(Xm) . 

Proof. Combine Propositions 12.71 and 13.71 □ 
3.4. Galois relations in compatible families. Set Gq := Gal(Q/Q) and let 

Ccyc • Gq > Zp 

be the cyclotomic character describing the action of the absolute Galois group of Q on the group 
Upoo of roots of unity of p-power order. Since the restriction of ecyc to Gal(Q/Q(\/p*)) takes 
values in (Z^ )^, there is a unique continuous homomorphism 

1? : Gal(Q/Q(VF^)) ZpV{±l} 

such that "d"^ = ecyc(^). Fix a £ Ga\.[Hcpm{^ipm) / Hcpm). Since Gal{Hcpm(fj,pm) / Hcpm) is isomor- 
phic to O^pm/O^pmZm, it follows that a can be represented by an element x G such that 
= 1 for ^ / p. Write Xp = a + p"^j3 with a G and (3 G Ok ® Zp. The image cr of o" via the 
map 



(/^p™)/Q(v^)) ^ Gal(Q(/Xp„)/Q(V^)), 

where the arrow on the right is the canonical projection, is represented by Normj^/Q(x) and, by 
class field theory, Norm^^^^ (xp) = ecyc{o')- Hence ecyc(^) = (mod p™), so the map a ^ x 
is equal up to ±1 to the restriction of -d to Gal(i?cp'"(/^pm)/-f^cp™)- Thus 

Pc,m = [{n^lm,k^X, /(™))] = [{Umlm,ky{<y), Z^"))] (mod ± 1). 
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For any i G (Z/p™Z)^ let {i) denote the diamond operator acting on Xm, whose action may be 
defined by the map [(5,2:)] ^ [{g£,z)]. Since the action of (—1) on Div{Xm) is trivial, it follows 
that for all a £ Gal{Q/ Hcpm) there is an equality 

(24) = {Hc7))P,,m 

in Div(Xm). 

3.5. Summary of the properties of the Heegner points system. Before turning to the 
construction of big Heegner points, for the convenience of the reader we isolate in a single state- 
ment the main features of our system of Heegner points which were discussed in the previous 
sections. Note that some of these properties will be proved in §7.21 where we describe the action 
of the Hecke operator for primes I f Np"^. 

Theorem 3.18. For every integer m > and every integer c > 1 prime to N and the discriminant 
of K there is a Heegner point Pc,m G xj^^ of conductor cp"^, rational over Hcp^{fipm) in the 
indefinite case, such that the following conditions are satisfied. 

(1) Vertical compatibility. The image of Pc^m under the covering X^ — > X^i is a Heegner 
point of conductor cp"^ on X^ for all n G {0, . . . ,m}. Furthermore, if m > 2 then the 
equality 

Up{Pc,m~l) = (^m,*{T'^H,p^{fj,pm)/H^^ra-i{tJ.pm)iPc,m)) 

holds in Div(Xm_i) . 

(2) Horizontal compatibility. Let m > 1 and n > 1 be integers. Then the equality 



Up{Pcp^-i ^rn) — T^''^H^^,ri+n{fJ-pni+n)/H^^„,+„^i{n^„,+i){Pcp",m) 

holds in Div(Xm) . Furthermore, for primes £ f cNp one has 
and 

Te{Pc,ni) if £ is inert in K 

_ {Ti - - CT(2 ) {Pc,m) if £ is split in K 



in Div(Xm,)) where u is the cardinality of 0^pm/{il} and, in the split case, {£) = (1(2 in 
Ok and ai. is a Frobenius element at [j. 
(3) Galois compatibility. Set p* := {—l)^P~^^/'^p, let Ccyc ■ Gq be the p-adic cyclotomic 

character and let d : Gal{Q/Q{^/]f)) Z^/{±1} be the unique continuous homomor- 
phism such that i?^ coincides with the restriction of e^yc- Then for all a G Gal(Q///cpm) 
the equality 

holds in Div(Xm) • 

Proof. Part (1) is a combination of Proposition 13.111 and Proposition 13.151 while part (2) is 
Proposition 13.171 plus ([52]) and ([53]) . Finally, part (3) is equality (p^ above. □ 
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Part 2. Construction of big Heegner points 

In the following sections we use the compatible family of Heegner points built in Part [1] to 
define big Heegner points and classes associated with towers of Shimura curves over Q both in 
the definite case and in the indefinite case. The system of cohomology classes so obtained satisfies 
formal properties which are analogous to those enjoyed by the big Heegner points introduced by 
Howard in [24J in the case of classical modular curves (see also the work pjj and [12j by Fouquet 
for similar constructions for Shimura curves attached to indefinite quaternion algebras over totally 
real fields). 



4. HiDA THEORY ON GL2 

Throughout this paper we choose an (algebraic) isomorphism C ~ Cp where Cp is the comple- 
tion of an algebraic closure of Qp, and view any subring of Cp as a subring of C via this fixed 
isomorphism. 

In the next few lines we use Shimura's notations T{n) and T(n, n) (with n an integer) for the 
Hecke operators defined as in [461 §3.1-§3.3] by double cosets. For every integer m > denote 
TCm the abstract Hecke algebra generated over Z hy := T{£) for primes i f Np"^, Ui := T(£) 
for primes £\Np"^ and T{£,i) for primes i \ Np"^. 

Fix an isomorphism ~ F x A with A ~ /^p_i the torsion subgroup of and F := 1 +p'Lp. 
Define the two Iwasawa algebras 

where F is a finite extension of Qp (which will eventually contain the Fourier coefficients of our 
modular form /) and Op is its ring of integers, so that we have a natural inclusion A C A. Finally, 
denote by 2; 1-^ [z] the inclusions of group-like elements F A and ^ A. 

4.1. Ordinary Hecke algebras. For any ring any subgroup A C SL2(Z) and any character 
-0 : A — > Qp , let S'jt(A,'0, A) denote the A-module of weight k modular forms of level A with 
coefficients in A. 

We follow pi] for the presentation of Hida's Hecke algebras. Define 

To,i{N,p^) :=Fo(iV)nri(p-) 

and write \]k^m for the image in End(5fc (ro,i(A^,p™), C)) of the Hecke algebra Tim ®i Op- 

Proposition 4.1. For allm > the Hecke algebra i)k,m is a finite product of complete local rings. 

Proof. The algebra \]k,m is a finite Oi^-module, hence by [9, Corollary 7.6] it is the direct product 
of its localizations at its finitely many maximal ideals, which are complete local rings finite over 
Op. □ 

Keeping Proposition 14.11 in mind, let ^'^'^ be the ordinary part of \)k,m^ i-e. the product of 
those local factors on which the image of Up is a unit. Alternatively, if 

:= hm U^'- 

is Hida's idempotent in '^k,m (see [HI (4.3)] for details) then f)^''^ := e'^ ■ \)k,m- 
For all integers m > n > 1 there are canonical injections 

in,m ■■ Sk{To,iiN,p^),C) Sk{To,iiN,p"'),C) 
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which are compatible with the actions of Tin ®i O p and TLm ^tl Of on the source and the target 
of ^n,m) respectively; so if m > n > 1 there are canonical projections 

which allow us to define the Hecke algebras of weight k as 

l}fc,oo := hm l)fc,m, f)^^^ := lim 

m m 

the projective limits being taken with respect to these maps. Alternatively, if 

e™<^ :=lime™<^ 

m 

is Hida's idempotent in \)k,oo (see loc. cit.) then ^'^'^ := e™'^ • f)fc,oo- 

The OiT-algebras f)fc,oo and ^^'^ can be endowed with structures of A and A-algebras in 
such a way that if a is an integer prime to Np and T{a,a)k denotes the image of T{a,a) in 
End(5fc(ro,i(A^,p™), C)) then the image of a in i)k,m is the diamond operator (a) defined by the 
formula T{a,a)k = a^~'^{a)k (here we adopt the conventions of [24J rather than those of |17j). 
Since this A-algebra structure commutes with the ?7p-action, the algebra f)™J^ inherits a structure 
of A-algebra. Finally, the inclusion A C A induces a A-structure on 

Theorem 4.2 (Hida). The A-algebra i)'^'^ is finite and flat over A. For every pair of weights 
{k, k') there is a unique isomorphism of algebras 

■ PiOrd — ^ t,ord 

Pk,k' ■ Dfc.oo ^ nfc',oo 

Ord +^ n^r,r,^a ^f+h^ cr,^o ^^^r^r, + c UOtA 



taking the images ofT{£) and T{£,£) in f)™^ to the images of the same operators in f)^^^ 



oo ■ 



Proof. The basic result in this direction can be found in \18\ Theorem 1.1]. For the particular 
arithmetic groups we are considering here, see also the more general results in [20.. Theorems 2.3 
and 2.4]. □ 

Remark 4.3. In the notation of Theorem 14.21 one has pk'^k = Pk\i ^'^^ weights k,k'. 

Convention. It will usually be convenient to identify the Hecke algebras i)'^^ for all weights k by 
means of the isomorphisms of Theorem 14.21 so we simply set 

11 ord fiOrd 

■Joo ^2,00- 

This notation will be in force throughout the rest of the paper. 

4.2. New quotients. We are especially interested in the C-vector space S^™ (Tq^i{N,p"^),C^ 
consisting of those forms which are new at all the primes dividing N~ . Write Tk,m for the image 
off) 

fc^m in the endomorphisms ring End (S'^*^™(ro,i(A'^, p™), C)) and set 

m m 

The isomorphisms of Theorem 14.21 yield isomorphisms of A- modules T^J^ ~ "^'k'^oo fo'^ ^ pairs 
of weights (k,k'), so in analogy to what done before we use these isomorphisms to justify the 
following 

Convention. We usually identify the algebras for all weig hts k, and set TZ'^ := T^''^,. 
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4.3. Maximal ideals of Hecke algebras. Following [351 §1.4.4], we briefly describe the decom- 
positions of our Hecke algebras into products of local components. Since f}™^ and T^'^ are finite 
A- modules (Theorem 14. 2p . they split by P, Corollary 7.6] as finite products 

(25) ijz'' = n = n ^^'m 

m m 

of their localizations at their (finitely many) maximal ideals m and m. Every summand appearing 
in these decompositions is a complete local ring, finite over A. If C is the fraction field of A then 
^oo'ffi ®^ ^^'^ '^oo'^m ®A ^ finite dimensional artinian algebras over C, so they are sums 
of local artinian algebras. We want to explicitly point out an immediate consequence of the 
decompositions (f25]l : 

• if m (respectively, m) is a maximal ideal of f)™'^ (respectively, of T^*^) then f)™'^- ^a >C 
(respectively, T^*^^ CSa >C) is a direct factor of f)^'^ ®a £ (respectively, of C). 
There are splittings of £-algebras 

(26) ^or^^<^^c=(^T^^M, T-^®a/: = 

where J-i and KLj are finite field extensions of C while M and J\f are nilpotent. According to 
Hida's terminology, J^i and Kj are called the primitive components of ®a and 0a ^, 
respectively. As explained in [17\ §3], one has I = J and there are canonical isomorphisms 

(27) J'i ^ /C, 

for all i & I. We say that J^i (respectively, /Cj) belongs to m (respectively, m) if it is a direct 
summand of ^'^^ 0A ^ (respectively, of T™"^^ 0\ C). 
Now fix a modular form 




(28) f = Y, ^nq^ e Sk{To{Np),J,OF) 

n>l 



with j = k mod 2, where ^lp_l is the group of {p — l)-st roots of unity and uj : (Z/pZ)^ — > Hp_i 
is the Teichmiiller character. Assume that / is a normalized eigenform for the Hecke operators 
Ti (with i I Np) and Ug (with £\Np). Here, as before, F is a finite extension of Qp and Of is 
its ring of integers. Let pj : Gq GL2(-F) be the p-adic Galois representation attached to / by 
Deligne. We make the following 

Assumption 4.4. Throughout this article we assume that 

i) / is an ordinary p-stabilized newform in the sense that ap € Op and the conductor of / 
is divisible by (cf. [I3l Definition 2.5]), i.e., / arises from a newform of level N or Np; 

ii) the residual representation Pf is absolutely irreducible. 

Remark 4.5. Condition i) in Assumption 14.41 ensures that pf is ramified at all prime numbers 
dividing N. 

Duality between modular forms and Hecke algebras yields morphisms 
(29) ej : T-<^ Of, Of : Of 

such that Of factors through T^""^ and is characterized by 6f{T{£)) = a£ for all primes i, Of {[6]) = 
^fc+i-2|'^^ for (5 G A, ^/([7]) = j^^"^ for 7 G F, while 9f is the composition of the canonical 
projection t)'^'^ — > T™'^ with Of. Let rcif and mj be the maximal ideals corresponding to the 
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unique local factors of i)^^ and T™'^ through which 9f and 9f factor. Since / satisfies i) in 
Assumption 14.41 we can consider the unique primitive component T of ^'^^^ ®A ^ appearing 

in (j26p to which / belongs in the sense of |17^ Corollary 3.7] or [19, pp. 316-317] (see also j241 
p. 95] for the more general type of arithmetic groups we are working with here). Thanks to the 
isomorphisms (p7|) . there is a unique primitive component JC of TJ^^^^ 0a ^ (appearing in ([26]) ) 
which is isomorphic to J^. In the above terminology, belongs to rti/ and /C belongs to m/. In 
the sequel we let ^ C and B C IC denote the integral closures of A in and in /C, respectively; 
notice that A is nothing other than the ring J^(,J(f) introduced by Hida in \18\ p. 554]. The 
isomorphism (j27p between and /C takes A isomorphically onto B. 

Proposition 4.6. The ring A is a complete noetherian local domain which is finitely generated 
as a K-module. 

Proof. See, e.g., fiS", Theorem 4.3.4]. □ 

Remark 4.7. The reader should always keep in mind that the fields J- and /C (and so the rings 
A and B) depend on the form /; however, since in our arguments we shall view / as fixed once 
and for all, such a dependence will not explicitly appear in the notation. 

Observe that A (respectively, B) is an f^^'^-^-algebra (respectively, a T^*^^^. -algebra). Indeed, 

the field J- is an f)^*^~^-algebra; moreover, f}™*^^^ identifies by (j25p with a A-subalgebra of i)'^, 

hence it is integral over A by Theorem 14.21 and this implies that ^"^^^ preserves the subring A 

of J-. Analogous arguments work for B and T™*^^^, . 
Now consider the composition 

Joo ■ (Joe ^oo,mf 

in which the first arrow is the natural projection and the second arrow is the structure map of 



:,ord_ 
'oo,rr 

which / belongs. 



A as an ^Zmf^^Sehra. The map /oo is univocally determined by the primitive component JP" to 
;s. 

Definition 4.8. The local A-algebra f)^*^^^ is the Hida family of / and A is the branch of the 
Hida family on which / lives. Finally, we call the map /oo the primitive morphism associated 
with /. 

A slightly different definition of "branch" is given in ^24^ p. 95]. Clearly, the morphism f^o 
determines the Hida family of /. 

4.4. Critical characters. Factor ecyc : Gq ^ as a product ecyc = etameCwiid with 

etame : Gq — > /Xp_i, ewild : Gq — > T 
and define the critical character B : Gq ^ A^ by 

o ._ ^(fc+j-2)/2r 1/2 1 
^ •— Hame L'^wildJ ' 

1/2 

where ejjj^ is the unique square root of e^iid taking values in T. Using the Teichmiiller character 
to identify A and /^p_i, the idempotent 



ei j;a;-^(5)[<^] eO^p^l, 
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where i £ — 1)Z, satisfies the relation 

(30) ei.[C]=Ce, 
for ah ( G /^p_i- 

Since /(e^) = if i / /c + j - 2, we have ek+j-2{i)T,'L)mf = i^T,'L)mf So we also have 

(31) efc+j,-_2(T™J^)nT^ = (T™^)m^, 
and it follows that in 0^'k^)mf we have 

[etamc(fT)] = et\^^"^(CT) 

for all fj € Gq. Furthermore, by definition of G, in (Tr™^)m^ there are also equalities 

0'(^) = et\+^c"'(^)[ewild(^)] = hycia)] 

for all cr G Gq. 

4.5. Arithmetic primes and Galois representations. For every integer m > denote by 
Xq^i{N,p'^) the compact modular curve of level structure Tq^i{N,p'^), by Jac(Xo,i(A^,p'")) its 
Jacobian variety and by Tap(Jac(Xo,i(A^,p™))) the p-adic Tate module of the Jacobian. As in 
[24\ §2.1], for every integer m > 1 we define the fi^'^-modules 

'p,mi 



Ta;]i := e^<^(Tap(Jac(Xo,i(iV,p™))) Op) , Ta^^ := limTa°y;^ 
T^ord Ta-d ^^^^^ ^ord^^^ T := Ta^^^ 



All these modules are endowed with f)™'^-linear actions of the Galois group Gq. 

Let ^'1" denote A viewed as a module on itself with Gq acting through 0"^ and define the 
critical twist of T to be the GQ-module 

Tt := T^aA^ = Ta.'^Jf ®.o.d_ A^ . 

It turns out that T, A and T''^ enjoy the following properties: 

(1) the ^-module T is free of rank two; 

(2) the GQ-module T is unramified outside Np and the arithmetic Frobenius at a prime i f Np 
acts with characteristic polynomial X'^ — T^X + [£]£; 

(3) there is a perfect ^-bilinear pairing 

Tt X Tt — > A{1), 
where ^(1) is the Tate twist of the trivial GQ-module A. 
For a proof of these facts see, e.g., [HI Proposition 2.1.2] and [32l Theoreme 7]. 
Write for the maximal ideal of the local ring A and set 



f 



for the residue fields of A and f)™'^- . Since A is finite over A by Proposition 14.61 the map 



'oo,mf 



[)™ — > ^ is also finite, hence integral. Thus F^ is naturally a finite extension of Fj^ord^ and 



oo.m 



hence of F„. The next result will be exploited in Section [TOl 



Proposition 4.9. The residual Giq-representation T/m_4T is equivalent up to finite base change 
to the residual representation pf of f. In particular, it is absolutely irreducible. 
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Proof. First of all, if the claimed equivalence of representations is true then the absolute ir- 
reducibility follows from condition ii) in Assumption I4.4[ With notation as above, there are 
canonical isomorphisms of (jQ-modules 

T/m^T ~ (Ta5[f ®,o.d^ A) ®^ 

J 'oo,m ^ 



As explained in [17^ p. 251] (see also [101 §1]), all modular forms in the Hida family "if^:^^ have 
residual representation equivalent to pf. On the other hand, by [24, Proposition 2.1.2], the local 
ring f)^*^^^ is a Gorenstein A-algebra, and then [18], §9] (see also [32i §3]) shows that the residual 

GiQ-representation Ta~^^/mjTa~'^ is equivalent (up to finite base change) to pf. The proposition 
is proved. □ 

Now recall that F := 1 + pJ^p. If A is a finitely generated A-algebra then a homomorphism of 
Oi^-algebras k : A — > Qp is said to be arithmetic if its restriction to (the image of) F is of the 
form 

for some integer r > 2 (called the weight of k) and some finite order character ip ofT (called the 
wild character of k). The kernel of an arithmetic homomorphism, which is a prime ideal of A, is 
said to be an arithmetic prime of A. If k has weight r and wild character ip then p is said to have 
weight r and character ip. In particular, for any integer r > 2 and character ip as above there is a 
unique arithmetic prime of A of weight r and character ip. If p is an arithmetic prime of A and, 
as usual, Ap is the localization of A at p then the residue field Fp := Ap/pAp is a finite extension 
of F. 

Remark 4.10. The homomorphisms of Oi^-algebras 

Of : iiZ"" Of, Of : Op 

that were attached in ^4.3l to the modular form / E Sk(TQ{Np),uj^ , Op) are arithmetic of weight 
k and trivial character. 

Let p be an arithmetic prime of A of weight rp and character ipp, and set 

(32) rrip := max{ 1, ordp (cond(^p)) | . 

By [18\ Corollary 1.3], the morphism obtained by composing the maps 

factors through f)™'^ and determines, by duality, an ordinary p-stabilized newform 

(33) fp = Y,an{fp)q'' G 5,, (Fo,i(iV,p-^ ), Xp, Fp) 



n>l 



where, for simplicity, we put xp •= V'p'^ 



32 



MATTEO LONGO AND STEFANO VIGNI 



Denote by V{fp) the GQ-representation over Fp attached to fp by Dehgne. Thanks to a result 
of Ribet, it is weh known that V{fp) is (absolutely) irreducible. If Tp := T 0^ then the 
GQ-module 

Vp := Tp/pTp 

is isomorphic to the dual representation V*{fp) := Hom(y(/p), Fp) of V{fp). Moreover, V*{fp) 
is isomorphic to V{fp){rp — 1) (8) [xp^]i where [xp] is the one-dimensional representation of G^q^^ 
over Fp defined by [xp] (Fr(£)geom) = x(^) and M{s) is the s-th Tate twist of the Gjj-module M; 
see [351 §1.5.5] for details. Note, in particular, that if k is even and Xp is trivial then V{fp) is 
self-dual. 

Set Tp := T"!" ®^ ^p and define the Gjj-representation Vp^ over Fp as 

:= T®AFp^ T{/pT{. 

The above discussion shows that Vp is a twist of the classical representation attached to fp. There 
is an alternating, non-degenerate pairing 

Vi X Vi Fp(l) 

where Fp(l) is the Tate twist of the trivial GQ-modules Fp. See |24i §2.1] and §1.5 and §1.4] 
for details. Let now f be a place of Q above p, let C Gq be a decomposition group at v and 
let ly C Du be the inertia subgroup. Denote by 

the character defined by sending the arithmetic Frobenius to Up. Then [241 Proposition 2.4.1] 
ensures that there is a short exact sequence of ^[Z)^]-modules 

F+(T) ^ T ^ F-(T) 

where F+(T) and F^~(T) are free ^-modules of rank one and Dy acts on F"'"(T) (respectively, on 
F~(T)) through ??^"^ecyc[ecyc] (respectively, through r]y). Furthermore, if M denotes one of Tp, 
Vp, Tp and Vp then twisting by and tensoring by ^p or Fp the above exact sequence yields 
another exact sequence of -D^-modules 

F+{M) ^ F~{M) 0, 

where F^{M) and F~{M) are free modules of rank one over either ^p or Fp, depending on 
whether M e {Tp,T{,} or M G {Vp,Vp^}, respectively. Mor cover, the Galois group Gq acts on 
F+(M) and Fy{M) either by r/^^ecyc[ecyc] and r/„ or by 9~^r?i7^ecyc[ecyc] and Q'^rjy, depending 
on whether M G {Tp, Vp} or M G {tJ, Vp^}, respectively. 

4.6. Selmer groups. We recall the definitions of the various Selmer groups that are relevant for 
our purposes. The reader may also wish to consult [24i §2.4], [351 §2-1] and [151 Ch. 1]. 

Let L be a finite extension of Q and for any prime v oi L let Ly the completion of L at and 
Ly™ the maximal unramified extension of Ly. Let M be one of the left /^[Gq] -modules T, T^, 
Tp, Tp, Vp, Vp^ where R denotes the ring A in the first two cases, the ring ^p in the middle two 
cases and the field Fp in the last two cases. Fix a prime v oi L and define the Greenberg local 
subgroup at v by 

'keT{H^{Ly,M) — ^i^^(L7^M)) if v \ p, 

< 

keT{H^{Ly,M) — > H^{Ly,F-{M))) if v \ p. 



Hl^{Ly,M) := < 
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Then the Greenberg Selmer group is by definition the group 

SelGr(i,M) :=ker (i^^A M) ^ J] M)/^Gr(i., M)) . 

V 

Let At := Homz^ (Tt , /2p„c ) . For M = Tt, At or one can also consider the Nekovdf Selmer 
group Hj{L, M), which for M = Tt or Vpt sits in the short exact sequence 

(34) ^ 0i/O(L„F-(M)) H}{L,M) SelGr(L,M) 0, 

v\p 

the direct sum being extended over the primes of L above p. See [36^ Ch. 6] for definitions and 
Lemma 9.6.3] for a proof of ([Mj) . 

Remark 4.11. Unhke Greenberg's Selmer group SelcriL, M), the group Hj{L,M) is defined by 
imposing local conditions on the level of cochain complexes rather than on cohomology. More 
precisely, this group was introduced by Nekovaf in terms of his theory of Selmer complexes in 
derived categories, and the reader is referred to [36] (and, especially, to [36l Ch. 6]) for the 
original treatment of the subject. However, for the aims of the present paper it will be enough for 
us to view Nekovaf 's theory as a "black box" , simply referring to [36] for the formal properties 
of Selmer groups that we need. 

Finally, if M = Vp or one has the Bloch-Kato Selmer group Hj{L,M) as well, whose 
definition (in terms of Fontaine's ring Bcris) can be found in [5l §3 and §5]. In particular, if 
M = Vpt and p has even weight then, by [36^ Proposition 12.5.9.2], this group fits into the short 
exact sequence 

(35) ^^H\L,,F-{vi)) H){L,vi) H}{L,V^) 0. 

v\p 

An arithmetic prime p of ^ is said to be exceptional if rp = 2, the character -i/^p is trivial and the 
image of Up under the map ^ ^ Fp is equal to ±1. The relations between the Selmer groups 
that we introduced above are then summarized by the exact sequences (I34p and (j35p and the 
following result. 

Proposition 4.12. (1) If p is a non- exceptional arithmetic prime of A then 

H}{L,V;) ^SelGr{L,V;). 

(2) // p is an arithmetic prime of even weight then 

H}{L,V^) =Se\GriL,V^). 

Proof. The first assertion is [24, (22)], which follows from |24^ Lemma 2.4.4]. The last claim is 
[M (23)], which is immediate from dM]) and ([35]). □ 

5. HiDA THEORY ON QUATERNION ALGEBRAS 

Recall the quaternion algebra B/Q of discriminant N~ and the Eichler orders Rm, with m > 0, 
fixed at the beginning of the paper. In the following we use Hida's notations T{n) and T(n, n) 
(with n an integer) for the Hecke operators defined as in [I9l p. 309] by double cosets. (Observe 
that there is a notational confiict, since we wrote T(n) and T(n, n) also for the Hecke operators 
introduced in Section^ However, we are confident that this will cause no confusion, and apologize 
with the reader for the inconvenience.) See also [33^ p. 217], which covers the case where B is 
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indefinite. For every integer m > denote Tim the abstract Hecke algebra generated over Z by 
Ti := T{e) for primes i f Np"^, Ue := T{1) for primes l\Np'^ and T{1, 1) for primes I \ Np'^. 

In this section we always assume that i? is a division algebra, the theory for the split case 
B ~ M2(Q) having already been considered in Section [H 

Fix an integer m > 0. Recall that Div(Xm) and Div^{Xm) denote the group of divisors and 
degree zero divisors, respectively, on Xm- For any extension L/Q write DivL{Xm) (respectively, 
Div° (Xm)) for the group of divisors (respectively, degree zero divisors) on Xm which are invariant 
under the action of Gal(Q/-L). The Hecke operators T(i) for all primes i and T{i, i) for primes i 
not dividing Np act by correspondences on Xm x Xm- Let Pr{Xm) denote the group of principal 
divisors on Xm and define, as usual, the Picard groups 

Pic{Xm) ■■= Div(X„)/Pr(X„), Pic\Xm) ■■= DivO(X„)/Pr(X„). 

The groups Fic{Xm) and Pic^{Xm) are connected by the exact sequence 

(36) Pic^Xm) Pic{Xm) ^ Z ^ 0, 
where deg is the degree map. 

5.1. Weight two modular forms on quaternion algebras. We first assume that B is definite 
and set U := Rm or U := Um for an integer m > 0. For any ring A let M.{U, A) denote the 
>l-module of functions 

/ : U\B''/B'^ — > A. 
There is a natural isomorphisms of A-modules 

(37) M{U,A)^A[U\B''/B''] 

where A\lJ\B^ / B^^^ is the free j4- module over U\B^ /B^; this isomorphism sends / G M{U, A) 
to the A- linear combination /([&])[&]) the sum being made over representatives of U\B^ / B^ . 

Let I{U,A) denote the ^-submodule of M{U,A) consisting of constant functions and define 
the A-module of weight 2 modular forms on B to be the quotient 

S{U,A) ■.= MiU,A)/I{U,A). 

Now we assume that B is indefinite and set, as before, U := Rm or U := Um for an integer m > 0. 
Let T{U) denote the subgroup of elements of norm 1 in (p^oiB^ H U) and consider the compact 
Riemann surface Xi/{C) := TC/T{U) and its Jacobian variety Jac(Xc/(C)). Write S{U,C) for the 
C- vector space of holomorphic functions f : 7i ^ C such that 

for ah (2 ^) G r{U). This C-vector space, referred to as the space of weight 2 modular forms on 
B, is (non-canonically) isomorphic to the C-vector space of invariant differentials of degree one 
on Jac(Xc/(C)). 

(B) 

In any case, definite and indefinite, there is a canonical action of Tim ®% Op on S{Um, C), for 
which we refer to [Ml §2.3.5]. We write Mm for the image of (g) Op in Endc{S {Um, C)) ■ 
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5.2. Jacquet— Langlands correspondence. In order to simplify notations, set T^^ := ¥2,^ and 
-jpord ._ -jpord £qj. ^ integer m > or the symbol 00: this is an extension of the convention 
introduced at the end of HA.'Ii 

The Jacquet-Langlands correspondence (see [23, §4]) gives an -equivariant isomorphism 
between ^2 (ro,i(A^,p'"), C) and S{Um,C), from which we deduce a canonical isomorphism of 
Ci?-algebras 

taking T{e)2 and T{£, t)2 to the images of Ti and T{1, 1) in B^'^, respectively. Denote by B^'^ = 
JL^CT^'^) the ordinary part of B^, which is the product of those local rings of B^ where Up is 
invertible. Alternatively, one can define the ordinary projector e'^ := lim^^oo Up^' exactly as in 
the case of elliptic modular forms (see [23l §3.1.4]), and then B™*^ := e™'^ • B^- 
In the present context too, for m > n > 1 there are injective homomorphisms 

in,m ■■ S{Un,C) ' > S{Um,C) 

( f>\ ( fi) 

which are equivariant for the action of Tin <2) Op and Tim (E) Op, so we get projection maps 
Mm B„ and B™<^ B"''^, and we can form the O^-modules 

Boo:=limB^, B^<^ := limB^^'l. 

Alternatively, B™'^ := e™'^ • Bqo where e°'''^ := lim is the ordinary projector in Bqo. 

We define a continuous structure of A-algebra on Bqo and B^ as in |23^ §3.2.8], and denote 
[z] ^ {z) the image of group-like elements of A. We normalize this action so that if n is an integer 
coprime with Np then T{n, n) = (n) as operators in B^ (as in the case of elliptic modular forms, 
we adopt the normalization in [24| instead of the one usually found in Hida's papers). 

In the present context, the Jacquet-Langlands correspondence can be formulated as follows. 

Proposition 5.1 (Jacquet-Langlands). There is a canonical isomorphism of A- algebras 

TT ord . TTiord — , TO) ord 

Proof. For m > 1 there are commutative diagrams 

jj^ord 

'jpord *" ^ B°'''^ 

Jj^ord 

Tord m-1 Tijord 

where the vertical arrows are the canonical projections. The claim of the proposition then follows 
by taking inverse limits and noticing that the two A-algebra structures agree on the set of integers 
prime to Np, so (by a continuity argument) they must be equal. □ 

In particular, it follows from Proposition 15.11 that there is a A-algebra decomposition 
(38) B-<i = niB°o^'n 

n 

Q£]gord product of complete local rings, finite over A. Here, as before, the sum (j38p is indexed 

by the maximal ideals of BJ^*^ and B^'^^ denotes the localization of B^*^ at n. Furthermore, the 
map JL™'^ respects the decompositions of T™*^ and B™'^ into local summands. 
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Recall the modular form / fixed at the beginning of Section HI the maximal ideal m/ of T'^ 
(i.e., the maximal ideal corresponding to the unique local summand of T^*^ through which the 
morphism ^/ in ([29|) factors) and the integral domain B C TJ^*^^^, 0a ^ introduced in ^4.3[ We 

use the Jacquet-Langlands isomorphism JL™'^ of Proposition 15.11 to define the maximal ideal 



ord/^ \ ^ mord 



:= JLr (m/) C 



Of course, there is an induced isomorphism 
and we can consider the integral domain 

(39) C:=3LZ\B)cMZ%,(S>aC. 
Note that there are ring isomorphisms 



Remark 5.2. Since, by construction, the rings A and B depend on the modular form / (cf. Remark 
14. 7p . the notation C for the ring defined in (j39p should be interpreted as a shorthand for the more 
correct Cj. 

Finally, we write B^'^'^ and Bm'^'^ for the twisted GQ-modules B^'^ and M'^'^, respectively, 
where the action of Gq is via 0~^. 

5.3. Hecke modules in the definite case. Assume that B is definite and fix an integer m > 0. 
As pointed out in §1.4] and ^14^ §4], in this case Pic{Xm) can be identified with the free abelian 
group 'I^[Um\B^ / B^~\ on the finite set of double cosets Um\B^ / B^ and Fic^{Xm) corresponds 
to the degree zero elements in this group. With notation as in ^l.ll the sequence m i— > h{m) 
is unbounded because the same is true, by [l2l Theorem 16], of the sequence m i— > h{in), and 
h{m) < h{m). Hence the ranks of the free abelian groups Pic(X^) and Pic°(X„) are unbounded 
as m varies. Now define 

Jm := Pic(X„) ®z Of, J° := Pic°(X„) ®z Op- 

Tensoring (j36]) hy Op over Z yields a short exact sequence of Op-modules 



(40) ^ jO ^ J™ ^ Op ^ 0. 

By what has been said a few lines before, there is an identification of Op-modules 

(41) J„ = Op[[/™\^V5>^], 

which will usually be viewed as an equality. The Op-module Jm is finitely generated, so, by 
Proposition 2.10], it follows that Endz(Pic(Xm)) 02 Op is canonically isomorphic to Endc)^(Jm). 
A similar remark also applies to J^. 

In [H §1.4] (see also [111 §4] and [391 §2-2]) it is explained how equality (|3T|) can be used to 

define an Op-linear action of Hm^ Op on Jm and J^: if UxU = Uxi (finite disjoint union), 
then 6|[[/xC/] := ^{Xib. Enumerate once and for all the elements of Um.\B^ / B^ and write 

(42) C/^\^x/SX = {[6i],...,[6^(^)]}. 

The ordered /i(m)-tuple at the right member of (j42p will be our "canonical" basis of Jm over Op 
under the identification (j4ip . The matrices Bi, B'^ and B^^^ representing the action of T^, and 
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T{i,£) on Jm with respect to the chosen basis are called Brandt matrices. The identification in 
([371) then makes the diagram 

M{Um, Of) ^ M{Um, Of) 



[UxU] 

J . . ^ J 

( B) ~ ( 

commutative and Tim 'X' OF-equivariant. If denotes the image of Tim Of in the endo- 
morphism ring End(^A4{Um,C)) , then M.{Um,OF) is Bm-stable, and hence Jm is canonically a 
Bm-niodule. Fm'thermore, since is stable under the action of Hecke operators, we see that 
is a Bm-module too. 

Let us now assume m > 1. Since B^ is a finitely generated Op-module, we can define an 



idempotent e^'^ G B^ attached to the Hecke operator Up and introduce the ordinary parts 

Af""^^ := . X 

for X G {Bm, Jm, «/mi-^(f^rrt, Of)}- It IS immediate to see that e^*^ ^ e'^ G B^ under the 
canonical projection map B^ — > B^. Since Up has degree p, exact sequence (pUj) implies that 

(43) JZ" = JT"- 

The following trivial result in linear algebra will be used in the proof of the subsequent proposition. 

Lemma 5.3. Let A he a ring, let M he an A-module and let I he an A-suhmodule of M. If a £ A 
is such that al = then there is an isomorphism a{M/I) ~ aM of A-modules. 

Proof. Let [k] denote an equivalence class in M/I. The map a[ni\ i— > am from a{M/I) to aM 
gives the searched-for isomorphism. □ 

Now observe that B^*^ naturally identifies with the image of B„ (or of Ti'^m'^ ®Of) m 

Endo^(A^°'-d(t/m,C)); 
an analogous statement for B^'^ is true if one replaces A^°'''^(C/m, C) with 5°''*^(C/m, C). 
Proposition 5.4. There are canonical isomorphisms 

(1) 7W°^'^(C/m,OF) ^ S°"^{Um,OF) as OF-modules; 

(2) theimages o/B^^ andM^"^ inEnd{M°"^{Um,OF)) andEnd{S°"^{Um,OF)) , respectively, 
are isomorphic as OF-algehras. 

Proof. Since the degree of Up is p, we see that e™'^ ■ T{Um, Of) = 0, so (since e™'^ maps to e'^'^ 
under the canonical projection B^ — > B^) part (1) follows from Lemma l5.3i Claim (2) is then a 
consequence of (1) and the above discussion. □ 

Part (2) of Proposition 15.41 shows that J™'^ (and so Jm°^'^ as well, by (|13]) ) is equipped with a 
canonical structure of B™'^-modules; one then has 

Tord TO,ord „ord t 

'^m ~ '^m ~ ^m ' '^rn- 

The maps 5m : Xm Xm-i induce (by covariant functoriality) maps Sm,* : Jm — > Jm+i and 
5m,* : Jm — > Jm+i Preserving the ordinary parts, so one can consider the projective limits 

7 ._ Ij™ J jO ._ i: tO TOrd ._ 1- TOrd 

Uqq . — 11111 J mi «^oo • — 11111 <Jrn.i «^oo • — iiiif "^m 
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with respect to these maps. In particular, J^'^ is a BJ^'^-module, while Jqo and are Bqo- 
modules. 

5.4. Hecke modules in the indefinite case. Now suppose that B is indefinite and fix an 
integer m > 0. Then Pic°(X™) can be identified with the Jacobian variety Jac(Xm) of Xm, 
which is an abelian variety defined over Q whose dimension equals the genus of X^, while ()36p 
shows that Pic(Xm) is an extension of Z by Pic'^(Xm)- More precisely, Fic{Xm) identifies with the 
Q-points of the Picard scheme of X^ and Pic'^(Xm) with the identity component of this scheme. 
If L is an extension of Q then we denote by Pic{Xrn){L) and Pic^{Xm){L) the L-rational points 
of Pic(Xm.) and Pic^{Xm)i respectively. Unlike what done in the definite case, in the indefinite 
case by Jm and we mean the OjT'-module schemes defined over Q which associate with any 
field extension L/Q the C'iT'-modules 

Jm{L) := Pic(X„)(L) m Of, J^iL) := Jac(X„)(L) ®z Op, 

respectively, which are endowed with a canonical action of Mm via Albanese functoriality. 

Let L be an algebraic extension of Q and set Gl '■= Gal(Q/L). Since Jac{Xm) is defined over 
Q, the OiT'-module J^i^) has a natural left G^-action and so is canonically a left Bm[GL]-module. 
Furthermore, the ordinary part 

inherits a canonical structure of left B55iJ'^[GL]-module. 

Suppose that L/Q is a finite extension. Tensoring ()36p (with values in L) hy Op over Z yields, 
as above, a short exact sequence of left O f[G L]-modu[es 

(44) Jl{L) Jm{L) ^ Op ^ 0. 

Denote by Mm{L) the image of in Endo^ {Jm{L)) . Since Jm{Li^ is a finitely generated 

OiT'-module, it makes sense to introduce the idempotent e^*^(L) := lim„^oo Up' in Mm{L) attached 
to the Hecke operator Up and define the ordinary part of Jm{L) to be 

JZHL) ■■= eZ\L) . JUL). 
Now observe that, since Up has degree p, sequence (j44|l shows that 

(45) r^^{L) = jr^'i(L) 

for every m > and every finite extension L/Q. Let now L/Q be an arbitrary field extension, 
which can be written as a direct limit L = lini Lj of finite extensions. Since the Jm{Li) have 
ordinary parts which are compatible with direct limits, we can define the ordinary part of Jm{L) 
as 

i 

Thanks to and the fact that J^L) = lim J^(Li) because direct limits commute with tensor 
products, we see that 

(46) J-^(L) = jr'-'i(L) 

for every m > and every extension L/Q. Although we did not define a B^-module structure on 
Jm{L), equality (f46]) shows that J™'^(L) has a structure of B^'^-module for every m and every 
field extension L/Q, this structure being deduced from that of Jm"^'^{L). 
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As above, for every extension L/Q and every m > 1 we can define by covariant functor iality 
maps 5m,* : Jm{L) —>■ Jm-i{L) and am,* '■ JmiL) — > J^_^(L) which preserve the ordinary parts, 
so we can form the projective hmits 

Joo(L) := lim JmiL), Jl{L) := lim 7° (L), J^^L) := lim J^-^iL) 

mm m 

with respect to these maps. In particular, J^{L) is a left BooiGiJ-module and J^'^{L) is a left 
B™d[Gi]-niodule. 

Finally, write Tap(Jac(Xm)) for the p-adic Tate module of Jac{Xm) and define 
Tm ■■= Tap(Jac(Xm)) Op, Too ■= limT, 



m 

m 



where the inverse limit is with respect to the canonical projection maps. Then Too and Tm are 
and Bm-modules, respectively, and one can define the ordinary parts 



■^m ■~ ^m ' -'-mi -^oo ^ ' ^oo i 

which are left B55^'^[Gq] and B™'^[GQ]-modules, respectively. 

5.5. Critical twists. In the following, let W°"^ denote one of the left B™'i[GQ]-modules Jf<^ 
(definite and indefinite case) and T™'^ (indefinite case), for -k an integer m > 1 or the symbol oo. 
Since B^^ is a quotient of B™'^, it follows that is naturally a B^*^-module via the projection 
map. The critical twist W^''^'^ of W°"^ is the left B™'i[GQ]-module 

^ord,t ^^^ord^^^^^jgord,t_ 

With notation as in ^^.2\ define also the left B^'^fGQj-modules 



Finally, let stand for the Galois module C on which the action of Gq is via Q ^ . The critical 
twist W°f'^ of W^f is the left B^^^fCQj-module 



^ord,t ^ord = t^-d ,t ^^^^^^^ c. 

In the next § we perform analogous twists on groups of divisors. 



5.6. Critical twists on divisors. Recall the subsets Xm^ defined in §1.11 (definite case) and 
§1.21 (indefinite case), where K is an imaginary quadratic field admitting injections K ^ B. 
In both cases, let us denote by Div(X^'') and Div'^(X^-') the submodules of Div(Xm) and 
Div°(Xm), respectively, supported on points in Xm^ . The group G^ := Gal(i^^'^/i^) acts 
naturally on X^\ so Div(x/,f^) and Div'^(X^'') are Z[G^]-modules. Furthermore, they are 
also 7^^^-modules, so one can define the Bm[G^]-modules 

Dm ■■= Div(X^^)) ®^CB) Bm, I)^ := Div" (X^^)) ®^,b) B^ 

and the B^<i[Gf']-modules 

DZ^ := Dm B-d, D^ord ^0^ jgord_ 
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For m > 2, the maps am '■ X^^ ^ X^J^\ induce maps d-m '■ Djyi — D^—i by covariant functori- 
ahty which respect the ordinary parts, so we can define the Boo[Gf']-modules 

Doo := lim Dm, D^^ := lun 

m m 

and the B^'i[Gf ]-modules 

D°^'^ ■= \\m.D°^'^ ^o,ord iiniL)°'™'^ 

oo • \ 1 ^oo ■ ^^^^^ 

m m 

In the indefinite case, when we want to emphasize the field of definition H C K^^ of a divisor or 
a limit of divisors we write D^{H) and Df^iH), for = m or oo, respectively. (In the definite 
case, all the points in Dm are rational over so there is no need to specify fields of definition.) 

Now we proceed as in g531 Let W^"^ denote one of the left B°'''i[GQ]-modules Df^ and £1°'°'"'^, 
for -k an integer m > or the symbol oo. Since B^'^ is a quotient of B^<^, it follows that W^"^ 
is naturally a B^'^-module via the projection map. The critical twist W^"^'^ of W^"^ is the 
B™d[G^].niodule 

^ord,t ^^^ord^^^^]Bord,t_ 

Again, we define the B™'i[Gf ]-modules 



■^oo ,n 



Finally, let denote the Galois module C on which the action of Gq is via ^. The critical 
twist W°f'^ of W°^^ is defined to be 

with its natural structure of B^'^[G^]-module. 

6. Big Heegner points 

In this section we introduce big Heegner points and big Heegner classes, and prove their main 
compatibility properties. Note that the first three § apply both to the definite and to the indefinite 
case. These results generalize the construction of Galois cohomology classes out of Heegner points 
on classical modular curves achieved by Howard in [24] . The reader is also referred to the work of 
Fouquet ([H], [12J) for an extension of Howard's results to the broader setting of Shimura curves 
attached to indefinite quaternion algebras over totally real fields. 

6.1. Galois relations. Let o" G Gal(Q/ffcp™)- Since, bv Lemma l2.41 a is the identity on 0(y/p*), 
it follows that there exists ^o- G /^p-i such that = etamo(o"). Hence 

(47) ^.el!,l{a)=±^(a), 

with -d as in gia By definition, 0(cr) = (.a^^'^ieHa^i^)] ■ From ([30]) it follows that 

(48) e{a)ek+j-2 = ^r^"' b'SiM)] ek+j-2 = ek+j-2 [^ULi^)] 

in A. By daH), we know that 6^+^-2^^"^^ = T'^f, so ek+j-2^Z%f = Kf as well. Hence gT} and 
(gHD imply that 

(49) @{a)P = [±'&{a)]P = {'&{a))P 
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for all P € -D™^^, where {1) is the diamond operator at I as in §3.4[ Now recall the point 

Pc,m e X^m^ defined in and write P°m for its image in DZ%j- For all a £ Gal(Q/i7cp™), 
equations (|24|) and ([49ll give the equality 

5ord\ 



in from which it follows that 



by definition of the G^-module -Cmjij- 

6.2. Hecke relations. For any pair of positive integers let CoYfj_,_^iu^ denote the core- 

striction map from Hst to Hg- Explicitly, for all r] € Gsl{Hst/Hs) choose an extension fj £ 
Gal{K^^/Hs) of 7?; if Q G H%Gal{K'''° / Hst), DZ^) then 

(50) Cor^^,/^^(Q)= Yl Qir')Q'^ 

rjeGa.liHst/Hs) 

in [Gal{K^^ / Hg) , DZ^I) ■ As usual, the maps 5m : Xm Xm-i induce maps 

5m = 5m,* : H\Gal{K^'^/H,p^),DZX) ^°(Gal(ir^V^cp™), I?m-In,) 
by covariant functoriality. 

Proposition 6.1. The equality 

holds in H^{Gal{K'^^/H^pm~i),DZ^l^^) for all m > 1. 

Proof. Since i^cp™ and H^pm-i{fipoo) are linearly disjoint over H^pm-i, we can fix a finite set 

cpm-l) 

ly on /. 

analogous relation 



Sm C G8l{K^^ / H^pm-i) of extensions of the elements in Gal(i^cp™/^^cp™-0 such that every 
a G S'm acts trivially on fipoo. Applying efc+j_2e°''^ to the equation of Proposition 13.151 vields the 



in -Dm-1- Now we calculate the corestriction Gox}j^pm/H rn-i choosing the elements fj of ([50]) 
in 5m, and this yields precisely 

5n.(Cor^.,™/^^^„_, (P-^)) = 5m ( ^ (P°;^)'^] . 

The result follows. □ 

Define _ 

V^^ := Goth^^^/hSP^^) G H\G^\{K^'^/H,),DZ^4). 

Corollary 6.2 (Hecke relations). The equality 



ord\ /T>ord 
Ul-m\r — 

ord,t 



holds in H^{Gal{K^^/Hc),DZ'zl„^.) for all m > 1 
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Proof. Straightforward from Proposition 16.11 on applying Coijj ^_-^/Hc- ^ 

6.3. Definition of big Heegner points. Thanks to Corollary 16.21 and the isomorphism 

m 

the following definition makes sense. 

Definition 6.3. The big Heegner point of conductor c is the element 

V, := limC/--(p-^) G H\Gal{K^^/H,),DZ%\). 

m 

The canonical map ttq : D'^^f ~^ ^"c^c j x ^-^ x ® 1 induces a map in cohomology 

which is denoted by the same symbol. 
Definition 6.4. The cohomology class 

Vc,c := vrc(Pc) G H\G^\{K^'^/H,),DZ^^) 

is the C- component of Vc- 

6.4. Big Heegner classes in the indefinite case. Suppose we are in the indefinite case. Let 
Hc^^^ be the maximal extension of He unramified outside Np and set 

GfP^ := Gal{Hi^P^/Hc). 

Define a twisted Kummer map 

6m : H^ {He, Jm'^j^J. {Hcp^Xfip,^))) — > H'^{G'^/^P\T^^j) 
as in [Ml P- 101]. Write 

for the image of 7^°^^ G H^{Ga\{K''^/Hc),Dm%) under the natural map, and set 

ord r /q^ord\ 

'^c,m ■~ '^m{l cm)- 

Because of the equivariance of the Kummer map with respect to the action of the Hecke operator 
Up, the Hecke relations of Corollary 16.21 imply the corresponding relations 

(51) am{K-°^^m) = ^p(^c|rn-l) 

between the classes k°^^. Here the map 

is induced by coyariant functoriality by the map 5m of diagram ([S]). 

Lemma 6.5. There is an isomorphism of M'^'^ -modules 

hm H' [GfP^ , r-^,^t) ^ ^1 (Gf , TZ%) . 

m 

Proof. By [381 Corollary 2.3.5], it suffices to show that the groups I) are finite for 

all m. But the G^^^^-module T^^j is isomorphic to the Galois representation associated with 
any modular form g that factors through tx/, and the claim follows. □ 
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Thanks to (I5ip and Lemma 16.51 we can give the following 
Definition 6.6. The big Heegner class of conductor c is the element 

:= lim[/--«^) G H^id'^PlT^^). 

m 

Put Hcp°°{tJ-poo) := Um>iHcpm{fj,pm). By Lemma [63| taking the inverse limit with respect to 
the maps 6m yields a twisted Kummer map 

Write 

for the image of Vc G [Gal{K^^ / He) , D^'^^f) under the natural map. The next lemma will be 
used in the proof of Corollary 17.21 

Lemma 6.7. 5oo{Pc) = ^c- 

Proof. Recall that, by definition, 6m{P™m) — '^cm '^^d pass to the inverse limit over m. □ 
As above, the canonical map TTfj : ^oo,nj — ^ '^oo c ^ ' — ^ x \ induces a. inajp in cohomology 

which is denoted by the same symbol. 
Definition 6.8. The cohomology class 

is the C- component of Kc- 

Remark 6.9. As will become clear in the next sections, our big Heegner points and classes satisfy 
the same Euler system relations as those defined by Howard in [24 ^ §2.2]. Note, however, the 
(slight) difference in terminology: the big Heegner points of Howard correspond to our indefinite 
big Heegner classes of Definition 16.61 while our big Heegner points of Definition 16.31 are the 
counterparts of the points denoted by Xc,s in [231 P- 101]. 

Remark 6.10. In the special case where = 1 (i.e., when B ~ M2(Q)) we expect that our system 
of big Heegner classes essentially coincides with the system of big Heegner points considered by 
Howard in [23]. On the contrary, we have not investigated the existence of an explicit relation 
between our indefinite cohomology classes and the specialization to the base field F = Q of the 
ones introduced by Fouquet in |llj . 

7. EULER SYSTEM RELATIONS 

This section is devoted to the proof of the "Euler system" relations satisfied by the classes 
V^^^ and "P""^ introduced above. The formulas obtained, which are the counterparts in our 
definite/indefinite quaternionic setting of the results in §2.3], will be used in ^10.2l to control 
the size of certain Selmer groups. 
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7.1. The operator Up. We begin with an analysis of the action of the Hecke operator Up. 
Proposition 7.1. For all m > 1 the equality 



holds in H°{Gal{K''^/Hcpr^),DZX)- 

Proof. The proof is similar to that of Proposition 16. 1[ Applying ek+j-2S-°^'^ to the equation of 
Proposition 13 . 1 7l yields the analogous relation 

E/pord Y -TT (pord\ 
y-^ cp,mj c,mj 

in -Dm^j, and calculating corestriction Coth ^+i/H^pm by choosing the elements rj of (i50]l in 
Sm+i gives the result. □ 

Corollary 7.2. The following relations hold: 

(1) Covi,^^/HS'P^;%) = Up{V-%) tnH^{Gs.liK-^/H,),DZX); 

(2) CorH^^/HS'Pcp) = Up{r^''') inH^{Ga\{K-'^/H,),DZ%); 

(3) CorH^^/^^«) = C/p«d) ^nH\G^I'^\TZ%)■ 

Proof. Relation ([1]) follows easily from Proposition 17.11 and the equality 

CorH,p//^^ o CovH^^^+^/H,p = Cor H,^^/H, ° Cor^^^^+i/H.^™ • 

Relation ([2]) follows from ([T|) by passing to the inverse limit over m. Finally, relation (j3]) is a 
consequence of Lemma 16.71 and the equivariance of the twisted Kummer map with respect to the 
action ol Up. □ 

7.2. The operators T^. We briefly review the standard description of the operator in the 
case of our interest. Let m > be an integer and let £ be a prime number which does not divide 
Np"^. In particular, the case i = p and m = is allowed. The action of the Hecke operator Ti on 
Pic(Xm) and Fic{Xm) can be described as follows. For all a G {0, 1} denote Aq the idele 

whose ^-component is equal to (g and whose components at all other places are equal to 1. 
Let Aoo be the adele whose ^-component is equal to (q ?) and all other components are 1. Then 

e-i e-i 

R^XqR^ = 1^ Rm^a n R^Xoo, UmXoUm = |^ UmXa U UmX^o- 

a=0 a=0 

Analogously to the classical, non-adelic situation (see, e.g., [Ml Ch. 3]), the operator on 
Pic(Xm) and V\c{Xm) can be defined as 

Tt{[{g,f)]) ■.= Y,[(^agJ)] + [(Aoo5,/)]. 

a=l 

Define r!^ := {x G Rm | = l} and A^^^ -.= 3^ nRm^ GL2(Q^). By the strong approximation 
theorem, 

KXiB"" X P)/S^ = GL2(Zp)\(GL2(Qp) x P)/A^,^ 
= (V(T,) X F)/Am,e, 
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where V{T() is the set of vertices of the Bruhat-Tits tree 7^ of PGL2(Q£), which can be canonicahy 
identified with PGL2(Z^)\ PGL2(Q^). The Hecke operator Ti acting on a point P = [[g, z)] can be 
described as follows. Let P correspond to a pair (f , z) G V{T^) x P under the above isomorphism; 
then Tii{P) can be represented by the sum Yl\=Q{vi, z), where the for i = 0, . . . , £ are the 
vertices joined to v. 

Let c be an integer prime to Ni. By the choice of the local embedding made in ^3.H the 
Heegner points Pce^^m as n varies over the set of natural numbers can be represented by pairs 
(vn, /') £ X Hom(i^, B) such that the sequence of vertices Vn form a path of length n with 

no backtracking. By [1, §2.4], for every integer n > 1 there is an equality 

More precisely, the action of Ti on /')] can be represented as the sum of the points [{v, /')] 
where v varies over the vertices which are connected to u„ by an edge. 

Let u denote the order of O^^m / {±1} . If i splits in K let (i and (2 be the prime ideals of Ok 
above i and denote by cJ[^ and ai^ two Frobenius elements in Gal(Q/i^) corresponding to li and 
[2. By P §2.4], 

{Ti{Pc,m) if ^ is inert in K 

{Ti - ai^ - ai^){Pc,m) if ^ is split in 

as divisors of X^. In this case too, the action of can be more explicitly represented as the 
sum of the points [(?;, /')] where v varies over the vertices which are connected to Vn by an edge 
in the inert case and the sum of the points [(u , /')] where v varies over the same set minus two 
vertices in the split case. 

Define C/m^ := {x G Um \xi, = l\ andA^^ := B^r\Um Glj2{Q.i)- By the strong approximation 
theorem, 

X P)/i?>^ = GL2(Zp)\(GL2(Qp) X F)/a:„_, 
= (V(T,)xP)/a:,_,. 

Since the fields H^£n+ipm and. HQ£npm (fj'pm) are linearly disjoint over Hd^pm, the projection 

Gal (i?g^n+lpm (/Xpm )/i^c£"p'" (/^p™ )) ^ Gb1{^H ^^n+lpm / H (.^npTn^ 

is an isomorphism. It follows from this and the above description of Ti that for every integer 
n > 1 there are equalities 

(^2) Tr/^^^^^^^^(^^^)//^^^„^„(^^^)(Pc^„+i = Ti[Pcl,n ,^) - Pci^-l^rn 

and 

{Ti [Pc,m) if ^ is inert in K 

(Te - (T[i - f7[2 ) (Pc,m) if ^ is split in K 

of divisors on Xm- 

Proposition 7.3. Let i \ cNp be a prime number which is inert in K. With notation as above, 
for all m > 1 the equality 

holds in H^{Gal{K^^/Hc),DZX)- 
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Proof. Similar to that of Proposition 17. 1[ Choose a set S C Ga^CZ-fTcp™) of extensions of 
Gal{Hcepm / Hcp"^) such that each a £ S acts trivially on fipoa. From the above equations it 
follows that 

(54) 5;(Pc£,n^)" = 7>(P,,^) 

crG5 

in DZ'^nf Applying efc+j_2e"'^ and calculating CovH^,^ru/H,pm by choosing the elements rj of ([50]) 
in S yields the desired result. □ 

Corollary 7.4. Let i f cNp be a prime number which is inert in K . With notation as above, the 
following relations hold: 

(1) uCorH^^/HSV°J:L) = T,iV°c:^) mH\Ga[{K-^/H,),DZ%); 

(2) uCoiH^^/HA'Pct) = Ti{Vc) inH^{Gix\{K-'^/H,),DZ%]); 

(3) nCor^^,/^^(K°f)=T,(Cd) ^n H\g\^^\tZ%) ■ 

Proof. Same proof as for Corollary 17.21 but this time to obtain relation [1] one uses the equality 

and for relation [3] one uses the equivariance of the twisted Kummer map with respect to the 
action of . □ 

7.3. The Eichler— Shimura congruence relation. Let £ f cNp be a prime which is inert in 
K. By class field theory, £ splits completely in the extension Hc/K. Fix a prime A of He above 
£. Note that A is totally ramified in Hd, so A • Oh^i = A^"*"^ for a prime ideal A of the ring of 
integers Oh^i of Hd above £. For every prime number q and every integer A; > 1 denote by F^fc 
the field with elements, and for every number field H and every prime ideal q of the ring of 
integers of H denote by Frobq a Frobenius element at q and by Fjy.q the residue field of H at q. 
Then there are canonical isomorphisms 

Write X^^i for the canonical (smooth, proper) integral model of over Z^. By the valuative 
criterion of properness, any point x G extends uniquely to a point in Xm,e, which will be 
denoted in the same fashion. 

Lemma 7.5. Let £ \ cNp be a prime number which is inert in K. Suppose that the group 
C'^m/{±1} is trivial. Then 

Pci,m = FrobA (-Pc,m) (mod A) 

as points in Xm/. 

Proof. Choose Sm as in the proof of Proposition 17.31 For any a £ S, there is a congruence 

{Pce,my = Pce,m (mod A) 
because A is totally ramified in Hd- Hence, by (j54p . it follows that 

Ti{Pc,„,) ^{£ + l)Pce,n, (mod A). 
The Eichler-Shimura congruence relation = Frob^ + Frob^ (mod £) shows that at least one of 
the points in the divisor Ti{^Pc^jn) is congruent to FrobA (-Pc,m) modulo A. Thus the same holds 
for all the points in the divisor r£(-Pc,m)) and in particular for Pd^m- D 
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Remark 7.6. See [151 Proposition 3.7] for the same argument apphed in the context of Heegner 
points on (classical) modular curves. 

Proposition 7.7. Let £ f cNp be a prime number which is inert in K. Suppose that the group 
0^m/{±l} is trivial. Then kP^^^ and ¥Toh\{K°^'^) have the same image in H^^ {G^^^\T^'^nj) ■ 

Proof. Proceed as in the proof of |241 Proposition 2.3.2], using Lemma 17.51 □ 

Part 3. Arithmetic applications and conjectures 

From here to the end of the paper, fix a modular form / of weight k as in ()28p and let 

/oo • f)oo ^ 

be the primitive morphism associated with /. If p is an arithmetic prime of A then fp is the 
modular form introduced in (|33p . 

For the reader's convenience, in the sequel we simplify our notation and write IZ for any one 
of the isomorphic rings A, B of §4.31 and C of ()39p that we have associated with /: it will be clear 
from the context which one of these rings is meant. We explicitly highlight the properties of TZ 
that will be relevant for the sequel: 

• 7^ is a complete noetherian local domain which is finitely generated as a A-module (Propo- 
sition S^l); 

• if p is an arithmetic prime of IZ and P := p Pi A then Ap C IZp is an unramified extension 
of discrete valuation rings (see [ISl Corollary 1.4] or [36l §12.7.5]). 

The purpose of the following sections is to apply our constructions of big Heegner points and 
classes to various arithmetic situations. While so far we have strived to adopt a uniform approach 
to the definite and indefinite cases, at this point it is inevitable to distinguish between these two 
settings. In fact, intuitively speaking, the philosophy behind the so-called "parity conjectures" 
suggests that the definite case deals with even rank (most typically, rank zero) situations while 
the indefinite case takes care of odd rank (most notably, rank one) contexts. 



8. Big Heegner points and Selmer groups: the definite case 

Throughout this section (and the next) we assume that we are in the definite case, i.e. that 
the quaternion algebra B is definite. 

8.1. Algebraic results. To simplify the above notation, set 

n — rt™^ "nt — 7^°^^^^ t — ^ord 

^ ■— ^oo,n^ ^ •— ^oo,7^' J ■— -'oo,7^• 
Let m > be an integer. Since Xm is a disjoint union of h{m) curves of genus zero, we can (and 
do) fix an isomorphism of Op-modules 

where H^, denotes singular homology. The above isomorphism endows -ffo(^m(C), Op) with a 
canonical Hecke action. Passing to the ordinary parts, one thus obtains an isomorphism of Hecke 
modules 

(55) H°'''{X^{C), Of) := e^" • Ho{X„,{C), Of) ^ J°^^. 
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The cohomology module H^[Xm{C),F/OF) with coefficients in the p-divisible group F/Op is 
also equipped with a canonical Hecke action, and its ordinary part is defined in the usual way. 
For any Oi^-module M let 

M* := Homo^(M,F/C'F) 

denote its Pontryagin dual, with induced Hecke action whenever M is a module over the Hecke 
algebra. Then (see, e.g., [21i, §1.9]) there is a canonical isomorphism of Hecke modules 

H\X„,{C),F/OFy ^ Ho{X^{C),Of) 
which induces an isomorphism of Oi?-modules 

(56) i7L(^m(C),F/0^)* ^ H^'^{XM,Of). 

Following [191 Definition 8.5], set 

V : = lim F„% {Xm{C),F/OF), V:=V*. 



Then ()55p and (j56p yield isomorphisms of Oi^-modules 

V = Homo^ (hm^H^^^{X^{C),F/OF),F/OF 

(57) ^limi/0,d(X™(C),F/Oi.)* 

m 



'oo 



Recall that P := 1 and define P^ := 1 + p"^'^p', in particular, 

A:=Op[Pl =limO^[P/P^]. 

m 

The group P acts on i?^ via multiplication on the p-component, and this induces an C'i?-linear 
action of P/Pm on Jm- Thus J™'^ is endowed with an action of A which is, of course, the 
one induced by its B^*^-module structure. Furthermore, the isomorphism (fSTI) is A-equivariant, 
the structure of A-module of V being defined as in [19l §9]. By [HI Corollary 10.4], the A- 
modules V and J™*^ are free of finite rank. It follows immediately that J^*^ is a finitely generated 
B^'^-module, hence J is a finitely generated 7^-module. If p (respectively, P) is an arithmetic 
prime of TZ (respectively. A) and M is an 7^-module (respectively, a A-module) then we set 
Mp := M 0TiTZp (respectively, Mp := M <Si\ Ap), where TZp (respectively, Ap) is the localization 
of 7^ at p (respectively, of A at P). To lighten the notation, put also B := B™'^. 

Proposition 8.1. Let p be an arithmetic prime oflZ. The IZp-module Jp is free of rank one. 

Proof. By [191 Theorem 12.1], there are isomorphisms of Bp-modules Vp ~ Bp for all arithmetic 
primes P of A. Since there are isomorphisms of T^p-modules Jp ~ Vp (JDb TZ and IZp ~ Bp (g)B Tl, 
we conclude that 

(58) Jp~7^P 

as T^p-modules. Fix an arithmetic prime p oiTZ and let P := p H A be the arithmetic prime of A 
which lies below p. There is a canonical map of rings TZp ^ TZp defined by the composition 

TZp := 7^ ®A Ap — > 7^ (g)A 7^p — >TZ TZp = TZp. 
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There are isomorphisms of T^p-modules 

Jp ®7^p 7^p = {{V ®B Tl) ®A Ap) 

- {V ®B Tip) (S)TZp Tip 

^ ^ ^V^mTZp 

^ {V ®B TZ) 7^p = J 7^p = Jp. 

Furthermore, thanks to ([58|) . Jp CS>7ep T^p — 7?.p as T^p-modules. Comparing this with ([59]) yields 
the result. □ 

From here until the end of the section we make the following 

Assumption 8.2. Let m-;^ be the maximal ideal of the local ring TZ and let Ft^ := TZ/m-ji be its 
residue field. The Ft^- vector space J/m-jiJ has dimension one. 

With this condition in force, we can prove 

Proposition 8.3. The IZ-module J is free of rank one. 

Proof. Since J is finitely generated over TZ and Assumption 18. 21 holds. Nakayama's lemma ensures 
that there is a surjective homomorphism 7^ — » J of 7?.-modules. If this map is not an isomorphism, 
there is a non-zero ideal I d TZ such that TZ/I ~ J as 7^-modules. By [29, Theorem 6.5], the 
localization (TZ/I)p is non-zero only for a finite number of arithmetic primes p of 7^. Hence Jp = 
for almost all arithmetic primes p, contradicting Proposition 18.11 (of course, the local vanishing at 
just one such prime p would suffice). Thus / is the zero ideal, and the proposition is proved. □ 

In light of Proposition 18.31 fix an isomorphism 

(60) J ^TZ. 

of 7^- modules. Composing the canonical projection D — » J with (j60p . we obtain a map 

(61) D — >TZ. 

For any finite abelian extension H/K there is a canonical map (^Gail{K''^^ / H) ,D^^ D, thus, 
by composing with ()6ip . we obtain a map 

(62) riH : F°(Gal(ir^^//7), D^) TZ. 

This map will be used in the next § to state our results on Selmer groups. In particular, ^8.21 and 
^8.31 are motivated by [21 Theorems A and B] and [U Corollary 4], respectively, where classical 
Heegner points on definite Shimura curves are used to control certain Selmer groups. 

8.2. Bounding Selmer groups. To begin with, recall the class T'l^n £ H^[Gal{K^^ /Hi),Y)^) 
introduced in Definition 16.41 and set 



Vn := CoTH,/K{Vi,n) G //°(Gal(K^V^), D^)- 

Then define 

Jtz ■■= m{T^n) G TZ. 

For an arithmetic prime p of 7?. set Fp := 7^p/p7?.p and denote hy -.TZ ^ the canonical map. 
We make two conjectures, the first of which predicts the non-vanishing of Jt^. 

Conjecture 8.4. J-ji / 0. 

The next one is, instead, a conjectural vanishing statement for Nekovaf's Selmer groups 
H}{K,vi). 



50 MATTEO LONGO AND STEFANO VIGNI 

Conjecture 8.5. For infinitely many non-exceptional arithmetic primes p of 7^ the following is 
true: if TTpiJu) + then V^) = 0. 

We expect that Conjecture 18.51 for primes of weight two can be proved by extending the 
techniques and the results of ^ and [28j to the case of forms with non-trivial character. Taking 
the validity of the above two conjectures for granted, we can prove 

Theorem 8.6. Assume Conjectures \8.4\ and \8.5[ The IZ-module i?j(iir, T^) is torsion. 

Proof. By Conjecture 18. 4^ the element J-ji is non-zero in the integral domain 7^, so it is non- 
torsion. Hence [24j Lemma 2.1.7] implies that J-ji pT^p for all but finitely many arithmetic 
primes p of IZ. Thus 'Kp{J'R.) 7^ for almost all arithmetic primes p of 7^, hence, since we are 
assuming Conjecture 18. we get that H'jiK^Vp^ = for infinitely many arithmetic primes p. 
If p C 7^ is an arithmetic prime then there is a short exact sequence 

0^^)(K,Tt)yp#)(i^,Tt)p^#)(K,F;) ^^|(i^,Tt)p[p] ^0 

(see the proof of [24', Corollary 3.4.3]), which shows that 

(63) ^)(K,Tt)p/p^)(i^,Tt)p = 

for infinitely many arithmetic primes p of TZ. As pointed out at the beginning of the proof of 
loc. cit., the 7^-module i?|(i^, T^) is finitely generated, hence if some x G H^i^K^T^'^^ were 
non-torsion then, by [24t Lemma 2.1.7], we would have that 

x0pi?)(K,Tt)p 

for all but finitely many arithmetic primes p. This contradicts ()63p . whence i/j(i^, T^) is TZ- 
torsion. □ 



For completeness, we also formulate (in Conjecture 18. 7p a natural extension of Conjecture W. 
and Theorem 18.61 that takes care of eigenspaces relative to anticyclotomic characters. Recall the 
class 

Pc,7^G^°(Gal(i^'^V^c),Dt) 
of Definition El For every a e Gc := Gsl{Hc/K) set J^^^ := VHcCPc^-r) ^ Then define 

cr&Gc 

Fix a character x ■ Gc ^ where O is a finite extension Op. After enlarging F if necessary, 
without loss of generality we can (and do) assume that O = Op- Extend x to an 7^- linear 
homomorphism x '■ ^ [Gc] — *■ 7^, then define 

(64) £(/oo/K,x) :=x(^?c,7^) G7^ 
and 

(65) C{foo/K,x,p) := 7rp{£{f^/K,x)) G Fp 
for any arithmetic prime p of 7^. If M is a Z [Gc] -module, set 

:=M®^[^j Of 
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where the tensor product is taken with respect to x '■ '^[Gc] — > Cf- Then we can formulate the 
fohowing conjecture, which extends Conjecture 18.51 and Theorem 18.61 to characters of Gc other 
than the trivial one. 

Conjecture 8.7. Let p be a non-exceptional arithmetic prime of TZ with trivial character and 
even weight. If C{foo/K, x, p) / then Hj {He, V^)^ = 0. Furthermore, if C{foo/K, x) / then 

Hj{Hc,T^) is a torsion 7^-module. 

Granting the first part of Conjecture 18. 71 one could presumably derive the second part by using 
arguments close to those employed in the proof of Theorem 18.61 

8.3. Iwasawa theory. The goal of this § is to formulate a "main conjecture" of Iwasawa theory 
for Hida families (Conjecture 18.10]) in our definite setting. 

Set Hpoc := L)m>iHpm, denote by K^o C Hpoo the anticyclotomic Zp-extension of K and for 
every integer n > let Kn be the n-th layer of K^o, i.e. the (unique) subfield of K^o such that 

Gn ■■= Gdl{Kn/K) ~ Z/p"Z. 

For every integer n > 1 set 

d{n) := minjm G N | Kn C fZpm}. 

For example, if p does not divide the class number of K then d(n) = n + 1 for all n > 1. Let 
Goo := G8l{Koo/ K) (so that Goo — ^pi the isomorphism depending on the choice of a topological 
generator of Goo) and define the completed group algebra 

7^oo :=lim7^[G„] =7^IGool, 

n 

where the inverse limit is computed with respect to the canonical maps. Throughout this § we 
make the following 

Assumption 8.8. The local ring TZ is regular. 

In our Iwasawa-theoretic context, this simplifying hypothesis is a natural condition to require 
(see, e.g., [Ml §3.3] and [8, Ch. X]) and gives us some control on the behaviour of TZ and T^oo 
under localizations. 

For any finitely generated T^oo-module M let 

:=Homz^(M,Qp/Zp) 

be its Pontryagin dual, Aftors its torsion submodule and Char7^^(M) its characteristic ideal. 
Recall that, by definition, Char7^^(M) is the ideal of T^oo given by 

f nht(<B)=l *pl^'^Sth(M,3 ) if M = Mtors 

Char7^^(M):=<^ 

I {0} otherwise 

where the product is made over all height one prime ideals of T^oo- Note that, thanks to the 
assumption that TZ is regular, the localization 7^oo,«p is a discrete valuation ring for every prime 
ideal *P of height one in TZoo ■ 
Finally, define the T^oo-module 

Hl,^{K^,T^) :=lim^)(i^„,Tt), 

n 
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where the inverse hmit is taken with respect to the corestriction maps, and the T^oo-module 

Hl,^ {K^, At) := lim H} {K^, At) , 

n 

where the direct hmit is taken with respect to the restriction maps. 
As before, for all integers n > 1 take the element 

Vpn^n G FO(Gal(i^^V^P"),Dt) 

and set 

Qn,n := Cor^.^^^^j/^jT'p.w^^) G FO(Gal(i^-V^n), Dt) . 

In other words, consider the classes Pc,7^ with c varying in the set of powers of the prime p and 
take their traces on the anticyclotomic Zp-extension K^o of K. Then for every a G Gn define 

where r]K„ is the map of (162p with H = Kn- For every integer n > 1 we introduce the theta- 
element 

en ■■= ^n,n ® e n[Gn]. 

Here ap G TZ^ is the image of the Hecke operator Up under the morphism foo ■ f)™'^ Tl- Thanks 
to the compatibility relations enjoyed by big Heegner points (see §7. ID . for all integers m > n > 1 
one has 

where i'rn,n ■ TZ[Gm] TZ[Gn] is the map induced by the natural surjection Gm Gn, so one 
can define 

6*00 := lim6'„ G 7^oo• 

n 

Note that the element 9oo is not entirely canonical, since it is independent of the choice of the 
compatible system of big Heegner points {'Pp",n}n>i ^^^y multiplication by an element 

of Goo- To get rid of this ambiguity, we proceed as follows. Denote by x i-^ x* the canonical 
involution of TZoo acting as o" i-^ on group-like elements. We associate a two-variable p-adic 
-L-function with the primitive morphism /oo and the imaginary quadratic field K. 

Definition 8.9. The two-variable p-adic L-function attached to /oo and K is the element 

Cp{foo/K) := 0OO • C G ^oo. 

Always assuming that TZ is regular, now we formulate our "main conjecture" relating Cp{foo/K) 
to the characteristic ideal of the Pontryagin dual of Hj-^^^(^Koo, A.^) ■ 

Conjecture 8.10. The group Hj^^^Kao, A^^ is a finitely generated torsion module over T^oo 
and there is an equality 

of ideals of 7?.oo- 

The reader should compare Conjecture 18.101 with the Main Conjecture of Iwasawa theory for 
elliptic curves in the ordinary and anticyclotomic setting that was partially proved by Bertolini 
and Darmon in [3j and with the main conjectures over the weight space formulated by Delbourgo 
in [g §10.5]. 
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9. Vanishing of special values in Hida families 

The aim of this short section is to formulate two conjectures on the vanishing at the critical 
points of (twists of) the L- functions over K of the modular forms in the Hida family of / living 
on the same branch as /. As in the previous section, we work in the definite case. In fact, our 
conjectures will involve the elements C{foo/K,x,p) £ -^p and the p-adic L-function Cp{foo/K) G 
T^oo introduced in ^8.21 and ^8.31 respectively. We remark that results on the vanishing of special 
values were obtained by Howard in [25j , where it is shown that if there exists a weight two form 
in a Hida family whose L-function vanishes to exact order one at s = 1 then all but finitely 
many weight two forms in the family enjoy this same property (see [251 Theorem 8]; see also 
Theorem 7] for the analogous result for order of vanishing zero, which is a consequence of work 
of Kato, Kitagawa and Mazur). 

To begin with, recall the fixed isomorphism C ~ Cp which induces an embedding Qp ^ C of an 
algebraic closure of Qp into the complex field, and choose embeddings Fp ^ Qp for all arithmetic 
primes p of IZ^ so that we can view the g-expansion coefficients of the forms fp as (algebraic) 
complex numbers. Then fix a character x ■ Gc ^ ^C^, where O is a finite extension of Oi;'. 
Finally, for every arithmetic prime p of 7^ let L^ifp, Xi be the L-function of fp over K twisted 
by X) and recall the element C{foo/ K,x,p) £ Fp defined in ([65|) . 

Motivated by [TJ Theorem 1.11] and |51[ Theorem 1.3.2] (which extend [14^ Proposition 11.2] 
and [21 Theorem 1.1]), we propose the following 

Conjecture 9.1. Let p be an arithmetic prime of TZ of weight kp > 2 and let x be as above. The 
special value L^ifp^Xi ^p/2) is non-zero if and only if C{foo/ K,XiP) is non-zero. 

In other words, we conjecture that L^ifp, Xi vanishes at the critical point s = kp/2 precisely 
when the element C{foo/K,x) £ TZ introduced in ([M]) lies in p. 

Now we want to formulate an analogous conjecture for twists by characters of the Galois group 
Goo — ^p- Thus let X ■ Goo be a finite (i.e., p-power) order character of Goo, where O is a 

finite extension of Oi;'. If p is an arithmetic prime of TZ then the canonical map TZ ^ Fp gives a 
map T^oo — *■ -^pICool; composing this with the map -Fp[Goo| — > Qp induced by x yields a map 

Xp ■ ^oo — > Qp- 

The analogue of Conjecture 19.11 in this Iwasawa-theoretic context is the following 

Conjecture 9.2. Let p be an arithmetic prime of TZ of weight kp > 2 and let x be as above. The 
special value Lxifp^X^ ^p/2) is non-zero if and only if xp{^p{foo/ K)) is non-zero. 

10. Big Heegner points and Selmer groups: the indefinite case 

In this section we assume that we are in the indefinite case, i.e. that the quaternion algebra 
B is indefinite. 

Results analogous to some of those which follow were also obtained by Fouquet in [TT] and [12] , 
where the more general case of Shimura curves attached to indefinite quaternion algebras over 
totally real number fields is considered. However, our approach is in many respects different, and 
(as apparent in the previous sections) the Jacquet-Langlands correspondence plays a much more 
prominent role in our paper than in the work of Fouquet. 

Throughout this section we make the following 
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Assumption 10.1. The A-algebra T^^^, is Gorenstein, that is 
as T^*^„^. -modules. 

We introduce this condition because it is taken as a working hypothesis in [llj . from which we 
shall borrow an important result (Proposition 110.3]) . Note that the analogous statement for the 
Hida family f)^*^~^, of / is true by [24j, Proposition 2.1.2]. 

10.1. Galois representations. Let p be an arithmetic prime of TZ. To simplify our notation, 
set 

Tsh := T^lh '■= '^Z'^n^ '^Sh,p ■= Tsh T^p-, 

Vsh,p ■■= Tsh,p/pTsh,p, Vjh.p ■= Tsh,p/pTsh,p- 
As before, let m-ji be the maximal ideal of the local ring TZ. The next assumption plays the role 
of dU Hypothese 1.4.26]. 

Assumption 10.2. The residual GQ-representation Tsh/m-^Tgh is absolutely irreducible. 

The result stated below, which describes the G(Q-representation Tgh, seems to be well known 
to experts; we essentially reproduce its proof given in |1H Theoreme 1]. 

Proposition 10.3. (1) The IZ-module Tgh is free of rank two. 

(2) The GiQ-representation Tg^ is unramified outside Np and the arithmetic Frobenius at a 
prime i \ Np acts with characteristic polynomial — T^X + [£]£. 

(3) For any arithmetic prime pofTZ denote by V{fp) the GQ-representation over Fp attached 
to fp. Then the Gq-representation Vgh,p is equivalent to the dual V*{fp) ofV{fp), hence 
to Vifp){rp- I) ^iXp']. 

Proof. Keeping our assumptions on the form / in mind, it can be checked that the hypotheses 
made in [111 §1.4.5] and used in the proof of [ll] Theoreme 1] are verified. We just remark that, in 
our context, pT^ Hypothese 1.4.28] is the analogue for Shimura curves of the main result of |31j . 
whose generalization to Shimura curves when = 1 and A'^" = pq (with p, q distinct primes) 
is provided by [44] Theorem 2]. Assuming that the representation associated with / is ramified 
at all primes dividing N^, we expect that this result holds in our more general situation as well 
(details will be given in a subsequent article). Since all assumptions are verified, the statements 
of the proposition follow from [11^ Theoreme 1]. □ 

Now recall the 7?.-module T defined in ^4.51 The following consequence of Proposition 110.31 
will be crucial for our arguments. 

Corollary 10.4. There are isomorphisms of Gq-modules T ~ Tg^ andT"^ ~ Tgj^ which exchange 
the actions of TJ^'^^^, on the left with the action of its isomorphic A-algebra BJ^*^^^. on the right. 

Proof. First of all, by property (1) in §4.51 and part (1) in Proposition 110.31 both T and Tgh 
are free 7?.-modules of rank two. Moreover, Proposition 14.91 and Assumption 110.2] guarantee that 
the residual GiQ-representations T/rriT^T and Tgh/rriT^Tgh are absolutely irreducible. Finally, 
by property (2) in §4.51 and part (2) in Proposition 110.3] the arithmetic Frobenius at a prime 
i f Np acts on T and Tgh with the same characteristic polynomial. Putting all these statements 
together, the isomorphisms of GQ-modules T ~ Tgh and T''" ~ Tg^^ follow from, e.g., [30., §5, 
Corollary]. The Hecke equivariance is immediate from the definitions. □ 
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Corollary 110.41 implies that for every arithmetic prime p of 7^ there are isomorphisms of Gq- 
modules 

exchanging the actions of T™*^^^ on the left and of IB™'^„^ on the right. Thanks to the isomorphism 
Tgj^ ~ T^ of GQ-modules, for every number field L there are isomorphisms of groups 

(66) H'{L,tIJ^H'{L,T^), SelGr(i,T^J c^SelGr(L,Tt), 

and similarly for the other Galois modules listed above. 

Let i\N~ be a prime number. Since i is inert in K, the completion Ki of K at the prime (i) is 
the (unique, up to isomorphism) unramified quadratic extension of Qi. By [361 Proposition 4.2.3], 
the group H^{K^, T) is a finitey generated 7^-module, hence (since TZ is noetherian) the 7^-torsion 
submodule (if^, tJ J^^^^ of H\K^, Tgj^) is a finitely generated 7^-module too. Define a-ji to 

be the annihilator in IZ of the finitely generated torsion 7?.-module H^iat- ij^ti '^sh)tors' -f^^^^^l 
the 7^-component 

K,,^GFi(G(^P),Ttj 

of the big Heegner class Kc as introduced in Definition 16.81 and denote by the same symbol its 
image in (i^cj Tgj^) under inflation. The next result is a variant of [24^ Proposition 2.4.5], to 
the proof of which we refer for the details we omit. 

Proposition 10.5. For every A € a?^ and every integer c > 1 prime to N one has 

\-K,^n G SelGr(^^c,Ty. 

Proof. For any place v of He and any Gal(Q///c)-iiiodule M let us denote by 

res„ : H\H„ M) H\H,^,,M) 

the restriction map. Fix an interger c > 1 prime to and, for simplicity, in the remainder of the 
proof write K-ji for Kc,7^- If f Np then k,ti satisfies the Greenberg local condition at v because 
its unramifiedness at v is part of Definition 16. 8i 

Now let us assume that v\Np and choose a place w of Q above v. Let p be an arithmetic 
prime of IZ of weight 2 and recall the integer m := rrip defined in (|32p. Then the natural map 
TagJ^^ — > Vsh,p factors through Ta°'''^(Jac(Xm,)) • Let k-ji^^ denote the image of k-ji in {He, Vgj^ p) . 
After restriction to Hcp^{fj,pm,), we see that l^sh,p — p- Furthermore, the restriction of K-ji^p to 
H^ {Hcp"^{fipm),Vsh,p) is contained in the image of the classical (untwisted) Kummer map 

Jac{Xm){Hcp^{fj,pni))°^'^ — > H^{Hcp^,Tap[Jac{Xm))) — > H^ {Hcpr^{npm) ,Vsh,p) ■ 

Therefore, by O Example 3.11], the restriction of K-ji^p to H^ [Hcp"^{fJipm),Vsh,p} lies in the 
Bloch-Kato Selmer group Hj[Hcp"^{fJ-pm),Vsh,p} of Vsh,p- By the isomorphism Vj, ~ Vsh,p, this 
group is isomorphic to Hj(^Hcpm(^pm),Vp) . Thus, by Proposition 14.121 the isomorphic image in 
H^ (^Hcpm{fj,pm.), Vp) of the restriction of kt^^p to H^ [Hcpm{fipm), Vsh,p) belongs to SelGr(-ffcp™(/^p™); ^p^) 
and thus, by ([55]) , the restriction of K-ji^p to H^ [Hcpm {fJ-pm ) , Vsh,p) belongs to SelGr {Hcp^ (/^p^ ) ; ^sh p) • 
Following the arguments in the proof of [24, Proposition 2.4.5], we thus see that 

/«7^,p e SelGr (^^cV^sh.p) 
for all arithmetic primes p of 7^ of weight 2. 
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Once again by [Ml Proposition 2.4.5], if v\pN~^ then veSy{K'fi) belongs to H^^iyHc^^, '^sh)' while 
if v\N^ one can only show that res,;(K7^) is an 7?.-torsion element in (ffc,v, Tgj^) . In the latter 
case, let d be the rational prime below v. As H is inert in the prime {€) of K splits completely 
in He-, so Hc^v = Kg and 

^'(^c,.,Ttj=Fi(K,,Ttj. 
Since A G a-;^, the result follows. □ 

In Proposition 110.51 we were only able to prove that Kcji lies in SelGr(-ffc) Tgj^) after multipli- 
cation by a suitable element of IZ, which however can be chosen independently of c. It would be 
interesting to have an answer to the following 

Quest ion 10.6. Does HcV, belong to SelGr(-?/c, Tgj^)? 

As apparent in the proof of Proposition 110.51 the obstacle towards giving a positive answer to 
the above question is the lack of control on the restriction of at places dividing A^~. 

With notation as above, fix once and for all a non-zero A G a?^. Thanks to the isomorphisms 
and [Ml (21)], for every integer c > 1 prime to N the class A • KcJi defines a class 

(67) ?i,,n := A • Kc,n G Selcr (i^c, Tt) ^ h}{H„ T^). 

These cohomology classes are the arithmetic objects in terms of which we will formulate our 
results and conjectures in this indefinite setting. 

10.2. Bounding Selmer groups. Define the two cohomology classes 

Ko,n := CoiH,/K{f^i,Ti) G {K, Tt) , 3o,n := CoiH,/K{^i,n) = A • Ko,n G H} {K, Tt) . 
The following conjecture is the counterpart of \24:\ Conjecture 3.4.1]. 
Conjecture 10.7. The class 3o,7?. is not 7^-torsion. 

Note that Conjecture 110.71 is equivalent to the assertion that k,o,tz is not 7^-torsion. The Euler 
system relations satisfied by the classes Kc,7e (proved in Section [7|) yield a proof of the following 

Theorem 10.8. Let p be a non- exceptional arithmetic prime oflZ with trivial character and even 
weight. If'5o,TZ has non-trivial image in H^(K,Vp^ then dimiT^^ H^{K,Vp^ = 1. 

Proof. We follow the proof of [241 Theorem 3.4.2], which is based on an application of the results 
obtained by Nekovaf in [34J. Since Nekovaf assumes that all primes dividing split in K (i.e., 
that N~ = 1), we briefly explain how the results in [Mj can be extended to our setting. Let 
Mjv be the modular curve over Q parametrizing elliptic curves with full level A^-structure, and 
let Xm be the Shimura curve over Q which is a fine moduli scheme for abelian surfaces with 
quaternionic multiplication, level A'^-structure and full level M-structure (here M > 3 is a fixed 
auxiliary integer relatively prime to N), as in }26l Definition 5.5]. There is a Galois covering 
Xm Xn+,n- where jy- is the Shimura curve of level A^"*" attached to the indefinite 
quaternion algebra over Q of discriminant A^~ (see ^1.2p . To obtain the desired extension of |34j . 
one needs only replace the universal elliptic curve S'n (denoted by X^v Mat in loc. cit.) 

with the universal abelian surface — > Xm- In this setting, one can define CM cycles in terms 
of the Euler system of Heegner points on these cycles were first introduced by Besser in 

[1] (see also the work |47] by Sreekantan) and satisfy the same formal properties of the CM cycles 
built from Heegner points on A'o(A^) which are studied in [Mj- We refer to |26l §8] for details 
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on this circle of ideas. With these modifications, the arguments of Nekovaf carry over to our 
more general context, and our theorem follows by considerations that are completely analogous 
to those in the proof of [Ml Theorem 3.4.2]. □ 

Remark 10.9. The definition of the class So.'R, depends on the choice of A G a-ji, which is not 
made explicit in the notation. It might be possible that for different Ai and A2 in a-ji the class 
Ai • kq is trivial in Hj(^K, Vp ) while the class A2 • kq is not. However, since a-ji is contained in 
only finitely many arithmetic primes p, this occurrence can happen only for a finite number of 
p. Furthermore, if Conjecture 110.71 is true then for any choice of A £ 07^ the class A • kq has 
non-trivial image in Hj{K,V^) for all but finitely many primes p, by [24| Lemma 2.1.7]. Thus, 
under Conjecture 110.71 the different choices X £ a-ji are essentially equivalent. 

The next result is essentially a consequence of Theorem 110.81 

Theorem 10.10. Assume Conjecture \10-7\ The IZ-module T^) has rank one. 

Proof. Mimic the arguments in the proof of Corollary 3.4.3], replacing [24, Theorem 3.4.2] 
with Theorem 110.81 □ 

Remark 10.11. By fixing a character x of Ga\{Hc/ K) and taking the behaviour of the x-isotypical 
components of H'j [He, V^) and i/| {He, T"!") into account, it would be possible to formulate more 
general statements than those in Theorems 110.81 and 110.101 

Remark 10.12. Following [U §1.5], it is possible to introduce an Atkin-Lehner involution on 
indefinite Shimura curves. Performing a careful study of the action of this involution, and proving 
results analogous to [24^ Lemma 2.3.3 and Proposition 2.3.5], one can show that there exists 
a £ Gal{Hc/K) and w £ {-1,1} such that VI = w ■ V^, where r G Gal(ifc/Q) restricts to 
the non-trivial element of Gal(i^/Q). This allows one to complete Theorem 110.81 with the final 
statement of [24 Corollary 3.4.3]: the 7?.-rank of H^ (Q, T^) is one if u) = 1 and is zero ilw = —1. 

10.3. Iwasawa theory. We formulate an Iwasawa-theoretic "main conjecture" (Conjecture llO.ll]) 
which is the counterpart of Conjecture 18.101 in the indefinite setting. The reader is referred to 
[39j for results of Ochiai on the cyclotomic Iwasawa main conjecture for Hida families. 

Resume the notation of §8.31 in particular, for every integer n > 1 the field is the n-th layer 
of the anticyclotomic Zp-extension K^o of K and d{n) is the smallest natural number such that 
Kn is a subfield of Hpd(n). As in Assumption 18.81 we suppose that the local ring TZ is regular. For 
every integer n > 1 we define the cohomology class 

3„,7^ := Cor^^^^^,/^„(t/,l-'^(")V"),7^) e H}{Kn,T^). 

Since th.6 classes 3n 

^TZ are compatible with respect to corestriction, we can give the following 

Definition 10.13. The two-variable p-adic L-function attached to the family {3n,7e}^>]^ is the 
element 

3oo,7^ := lim3n,7^ e h}^^^{Koo,T^). 

n 

Recall that if M is a finitely generated 7?.oo-niodule then is the Pontryagin dual of M. Now 
we propose our two- variable "main conjecture". Since the class 3oo,7^ depends on the element 
A G 07^ appearing in ([67|) . in order to state our conjecture we need to assume an additional 
condition. 
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Conjecture 10.14. The group Hj [Koo, T^) / (3oo,7^) is a finitely generated T^oo-module. More- 
over, suppose that Kpmji belongs to Hj(^Hpm,T^^ and set 

for all m > 0. There is an equality 

(68) Char7e^(5ii^(i^oo,Tt)/(3oo,7^))' = Ch^vn^(^Hl,^{K^, A^)l^^}l 

of ideals of TZoo- 

Conjecture 110.141 extends both |24i Conjecture 3.3.1] and the classical Heegner point main 
conjecture for elliptic curves formulated by Perrin-Riou in [41j. Observe that in the special 
case where A'^" = 1 (or, more generally, for quaternion algebras over totally real number fields 
satisfying suitable conditions) Fouquet shows in [121 Theorem A] that the right-hand side divides 
the left-hand side in (j68p . A refined version of Conjecture 110.1^ which takes the dependence of 
^00,11 on the element A G a-;^ into account will be investigated in a future project. 
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